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Counting and Sampling

Electronic Numerical Integrator and Computer Monte Carlo Method

Given a finite state set  and unnormalized weight
<latexit sha1_base64="ggzB0qd3QqmPA+3o0uxOmtgtPwo=">AAABlHicZY9LT8JAFIXv4AvxhZq4cUNsFy4IabvAjQsSYsJKMeEVgZDpeKkTpjOTztSoDf/Crf4v/42A3SBndXLuOcl3Qy24sZ73Qwpb2zu7e8X90sHh0fFJ+fSsZ1SaMOwyJVQyCKlBwSV2LbcCBzpBGocC++Gsubz3XzExXMmOfdc4jmkk+ZQzahfRk+uOHmKMqOtOyo5X81aqbBo/Nw7kak/K6ehZsTRGaZmgxgz9QNtxRhPLmcB5aZQa1JTNaIRZTO2Lph+qWrGRXgRC0LXCsOOPs6mSFiVbX76tXqzGnCVqyT9fcPr/qTZNL6j59Vr9MXAarZy4CJdwBdfgww00oAVt6AIDCZ/wBd/kgtySJrn7qxZIvjmHNZH7X68javo=</latexit>

Ω

Sampling: produce  with
<latexit sha1_base64="UaDvMopuC1sNMayUabjBNcoulGM=">AAABoXicZU+5TsNAFHzLGcJlQFQ0FnZBEUV2itBGogkVAeWS4ihaLy9mlT0s7xoBVj6GFr6IvyEJbkKmGs0hzcSp4MYGwQ/Z2t7Z3duvHFQPj45PTp2z877Recawx7TQ2TCmBgVX2LPcChymGVIZCxzEs7ulP3jFzHCtuvY9xbGkieJTzqhdSBPn0vcjwxNJ3YgrN3qQmFDfnzheUA9WcDdJWBIPSnQmTh49a5ZLVJYJaswobKR2XNDMciZwXo1ygyllM5pgIal9SemHrrk2SReCEHQtMOqG42KqlUXF1ptvq781yVmml2fmi53h/1WbpN+oh81687Hhtdrl4gpcwTXcQAi30II2dKAHDAr4hC/4Jh65Jx3y9BfdImXnAtZARr9d9G95</latexit>

σ ∈ Ω
<latexit sha1_base64="JebytQ7RSVSSy+5uDFTeTl5gyMg=">AAABrnicZY9LT8JAFIVv8YX4qrp0U6ULTAhpu8AtiRuWmPBKaNNMxwtMmHYmM8PDENb+Grf6W/w38ugGOasv956TnJNIzrTxvF+rcHR8cnpWPC9dXF5d39i3d10tpopihwouVD8hGjnLsGOY4diXCkmacOwlk9fNvzdDpZnI2uZDYpSSUcaGjBKzPsX2o+uGLTUINRulJHJCqYQ0wplXdpdn143tslfztnIOwc+hDLlasT0L3wWdppgZyonWAz+QJloSZRjluCqFU42S0AkZ4TLDuVwYXJiqs8WUmPGeY9D2o+VQZAYzuh9dbMdXU0aV2CxbrYv6/2sdQjeo+fVa/S0oN5p55SI8wBNUwIcXaEATWtABCp/wBd/wY3lW14qseGctWHnmHvZkjf8ArGZ1SA==</latexit>

Pr[!] ∝ !(!)

Counting: compute the normalizing factor (partition function)
<latexit sha1_base64="V5rabMoqYBy6aRuTF9s5r96xCoM=">AAABt3icZZDLTsJAFIZP8YZ4oerSTSNdoCGkZYFxYULihp2YcIuUNNPxUCZ0prUzBUzDO/g0bvU1fBu5dIP8qy/n/H/yn+NFAZPKsn613N7+weFR/rhwcnp2XtQvLrsyTGKKHRoGYdz3iMSACewopgLsRzES7gXY8yZPq31virFkoWirjwiHnPiCjRglajly9TvTfDUeDUcm3E0dyXxODIcJw3nm6JOFMStvhrem6eolq2qtZeyCnUEJMrVcfeq8hTThKBQNiJQDuxapYUpixWiAi4KTSIwInRAfU4GzaK5wrirGGjlR4y3HoG0P01EoFAq6HZ2vv1DhjMbh6sTFsqj9v9YudGtVu16tv9RKjWZWOQ/XcANlsOEeGtCEFnSAwid8wTf8aA+aq4208caa07LMFWxJe/8DZjx4Qw==</latexit>

! =
∑
!∈Ω

"(!)

<latexit sha1_base64="p8N3pfSiILFqpg/pOIKKx9pD8xU=">AAABsHicZU+5TsNAFHwbrhAuAyWNRVxQRJHtIpGoItGkI6BcUhxZ6+XFLFl7V/aay/IP8DW08Cf8DUlwEzLVaN6M3kygBE+1bf+Qytb2zu5edb92cHh0fGKcng1TmSUMB0wKmYwDmqLgMQ401wLHKkEaBQJHwfxmeR89Y5JyGff1m8JpRMOYzzijeiH5hmVZL9emdxthSE1PS9OLqH4Mgvy+8HMvRNMuLMs36nbTXsHcJE5J6lCi5xuZ9yBZFmGsmaBpOnFcpac5TTRnAoual6WoKJvTEPPlP0XfZcPUoVoIQtA1w6TvTPOZjDXGbD35uprfiDhL5HJbsejp/G+1SYZu02k1W3duvdMtG1fhAi7hChxoQwe60IMBMPiAT/iCb+KSMfEJ/bNWSJk5hzWQp180o3Vi</latexit>

w : Ω → R≥0



Counting and Sampling

Counting  via  Sampling

Sampling  via  Counting Encapsulated 
as an oracle

[Jerrum, Valiant, Vazirani 1986]

For all self-reducible problems, approximate counting and sampling are
computationally equivalent up to polynomial time.



Counting and Sampling

From a parallel perspective:  

[AGR24, ABC+26]                                     parallel autoregressive generation

[AHSS21, ABTV22, AHL+23]                  parallel sampling from determinantal distribution 

Sampling  via  Counting

Counting  via  Sampling Main focus of our paper (Gibbs distribution)

Counting  via  Sampling

Sampling  via  Counting Encapsulated 
as an oracle

how to design reductions with small depth and few oracle calls?



Gibbs Distribution

Finite state set 
<latexit sha1_base64="ggzB0qd3QqmPA+3o0uxOmtgtPwo=">AAABlHicZY9LT8JAFIXv4AvxhZq4cUNsFy4IabvAjQsSYsJKMeEVgZDpeKkTpjOTztSoDf/Crf4v/42A3SBndXLuOcl3Qy24sZ73Qwpb2zu7e8X90sHh0fFJ+fSsZ1SaMOwyJVQyCKlBwSV2LbcCBzpBGocC++Gsubz3XzExXMmOfdc4jmkk+ZQzahfRk+uOHmKMqOtOyo5X81aqbBo/Nw7kak/K6ehZsTRGaZmgxgz9QNtxRhPLmcB5aZQa1JTNaIRZTO2Lph+qWrGRXgRC0LXCsOOPs6mSFiVbX76tXqzGnCVqyT9fcPr/qTZNL6j59Vr9MXAarZy4CJdwBdfgww00oAVt6AIDCZ/wBd/kgtySJrn7qxZIvjmHNZH7X68javo=</latexit>

Ω Hamiltonian function
<latexit sha1_base64="QKiKtR6gMsIqkU/TnVXDhkENvZk=">AAABsHicZU87TsNAFHwbfiH8DJQ0FnFBEUW2iyBRRaJxR0D5SXFkrZcXs2TtXdlrBFi+AKehhZtwG5LgJmSq0bwZvZlQCZ5p2/4hta3tnd29+n7j4PDo+MQ4PRtmMk8ZDpgUMh2HNEPBExxorgWOVYo0DgWOwvnt8j56wTTjMunrN4XTmEYJn3FG9UIKDMuyvBvTv4sxoqavpenHVD+FYfFQBoUfoWmXlhUYTbttr2BuEqciTajQC4zcf5QsjzHRTNAsmziu0tOCppozgWXDzzNUlM1phMXyn6LvsmXqSC0EIeiaYdJ3psVMJhoTtp58Xc1vxZylcrmtXPR0/rfaJEO37XTanXu32fWqxnW4gEu4AgeuoQse9GAADD7gE77gm7hkTAJC/6w1UmXOYQ3k+Rf4XHUz</latexit>

H : Ω → R≥0

Applications:

• Count combinatorial objects

e.g.  graph independent sets            

        spin configurations                                 

constraint satisfying solutions

• Approximate permanent     

• Estimate volume of convex body

[LV97]

[JS93]

[FGYZ21]

[JSV04]

[DFK91]

Define the Gibbs distribution parameterized by    :
<latexit sha1_base64="D1qrIs9dbGJzSguAHH5iY/x/eoc=">AAABk3icZY9LT8JAFIXv4AvxAWpcuSG2CxeEtF3gwg1RF2xMMOFlaEOm4wUnTDuTztSoDb/Crf4w/42A3VTO6uTcc5LvhkpwbRznh5S2tnd298r7lYPDo+Nq7eR0oGWaMOwzKWQyCqlGwWPsG24EjlSCNAoFDsP53eo+fMVEcxn3zLvCIKKzmE85o2YZPdm2H6Khtj2pWU7TWau+adzcWJCrO6ml/rNkaYSxYYJqPXY9ZYKMJoYzgYuKn2pUlM3pDLOImhdFP2SjbmZqGQhBC4Vxzw2yqYwNxqy4fFt/2Ig4S+QKf7HkdP9TbZqB13RbzdajZ7U7OXEZLuASrsCFa2hDB7rQBwYRfMIXfJNzckNuyf1ftUTyzRkURB5+AS9DaqM=</latexit>

β

The corresponding partition function:

Approximate the partition function within error :<latexit sha1_base64="Kgv+g2cjxPXXiMzT7EVV7qeg5zI=">AAABm3icZU/LTgIxFL3FF+KDUZfGhMgsXBAywwK2JGyIcYEJAyRASKdesKHTNm2HqIQvcasf5d8IOBvkrE7OIzkn1oJbFwQ/JHdweHR8kj8tnJ1fXBa9q+ueValhGDEllBnE1KLgEiPHncCBNkiTWGA/nrc2fn+BxnIlu+5d4zihM8mnnFG3liZe0fdHC2pQWy6U9P2JVw6qwRalfRJmpAwZOhMvHb0oliYoHRPU2mFY0268pMZxJnBVGKUWNWVzOsNlQt2rph+qUnIzvRaEoDuBYTccL6dKOpRst/m2fVpJODNqc2O13hn+X7VPerVqWK/Wn2vlZjtbnIdbuIcHCKEBTWhDByJgkMInfME3uSMt8kie/qI5knVuYAck+gWf9G23</latexit>ε

<latexit sha1_base64="Eh7vZEkXfU06tHeBYkV6IxMp9Kg=">AAAB8nicZVC7TsMwAHR4lvIKMLJYNEMrVVHSoayVYOhGkfqS6hI5rhOs2rFJHFSI+iNsiJVP4Qf4DVYY6CMMpTed7iGdzlecJdpxPo2Nza3tnd3CXnH/4PDo2Dw57SYyjQntEMll3PdxQjmLaEczzWlfxRQLn9OeP76a+71HGidMRm39pOhQ4DBiASNYzyTPDCwLBTLGnEOUsFBgiFgE0Y2gIa5C9JDiEUQivcuW0tTLkE81npaX6QpEKpZKS4joRJUXHkRkJDVs/kUqtmV5ZsmxnQXgOnFzUgI5Wp6ZopEkqaCRJhwnycCtKT3McKwZ4XRaRGlCFSZjHNJMYH2v8LOsQh2qmcA5XgkM2u4wC2SkaURWm5PFgVXBSCzn70xnO93/q9ZJt2a7dbt+Wys1rvPFBXAOLkAZuOASNEATtEAHEPABvsA3+DG08WK8Gm/L6IaRd87ACoz3X3POj6A=</latexit>

∀σ ∈ Ω, µΩ
β (σ) ∝ exp(β · H(σ)).

<latexit sha1_base64="TgqI8p0vAtuqHk7c0Ub1MZs/TJw=">AAAB0HicZZA7T8MwFIWd8irlFWBksWiGVqqipEOZkCrRoRsF9SXqKnJcN1jYsRU7qBBViJWfwq9hLb+GvpbSMx3d+x3p3BsqzrTxvJmV29nd2z/IHxaOjk9Oz+zzi66WaUJoh0guk36INeUsph3DDKd9lVAsQk574cvdYt97pYlmMm6bN0WHAkcxGzOCzXwU2A3HeSqhkBpchrcQ6VQEGdIsEhgiFkN0L2iEpxDRiVphEJGRNLBZWlHlsus4gV30XG8puG38tSmCtVqBnaKRJKmgsSEcaz3wq8oMM5wYRjidFlCqqcLkBUc0E9g8K/wuK9BEaj7gHG8Ag7Y/zMYyNjQmm8nJ8j0VwUgiF7dP5z39/622Tbfq+jW39lAt1hvrxnlwBa5BCfjgBtRBE7RABxDwDX7ADPxaj9bE+rA+V2jOWmcuwYasrz/zO4D/</latexit>

Z(β) = ∑
σ∈Ω

exp(β · H(σ)).

<latexit sha1_base64="25frMfLNqdxfVCwgXDSdz4I60V0=">AAAB6nicfVDNTsJAGNziH+Jf1aOXjfSAEUnLAa8kevCICX+BItkuH7Bh2127W6I2vIQ349VH8SV8Ba/6ABbsQTRxTvPNN5NMxpOcKW3bb0ZmZXVtfSO7mdva3tndM/cPmkpEIYUGFVyEbY8o4CyAhmaaQ1uGQHyPQ8ubXMz/rSmEiomgru8l9HwyCtiQUaITqW/eWFbBwWfYnZIQpGJcBCfYpQOhcafgeqBJcnLA7pjouDP7Id3iJHj6X7BkWX0zb5fsBfBf4qQkj1LU+mbkDgSNfAg05USprlOWuheTUDPKYZZzIwWS0AkZQewTPZbkQRSxHslE4JwsGbp1pxcPRaAhoMvJu8VwRZ/RUMxXmSU9nd+t/pJmueRUSpXrcr56mTbOoiN0jArIQeeoiq5QDTUQRa/oHX2gT4Mbj8aT8fxtzRhp5hAtwXj5Aio9icM=</latexit>

(1 − ε) · Z(β) ≤ Ẑ(β) ≤ (1 + ε) · Z(β).



Gibbs Distribution: Example
Graph independent set (hardcore model)

weight (fugacity)
<latexit sha1_base64="qh/XK8E09N6iDIZ/ztSn+DF11Wc=">AAABnXicZU/LTsJAFL2DL8RX0aULG+nCBSFtF7glMSYsjMGEV0IJmQ6XOmHamXSmvgif4la/yb+xYDfIWZ2cR3JOqATXxnV/SGlnd2//oHxYOTo+OT2zqud9LbOUYY9JIdNhSDUKnmDPcCNwqFKkcShwEM7vVv7gBVPNZdI17wrHMY0SPuOMmlyaWFXHCUQen1I7iNB2HWdi1dyGu4a9TbyC1KBAZ2JlwVSyLMbEMEG1Hnm+MuMFTQ1nApeVINOoKJvTCBcxNc+Kfsi6bSKVC0LQjcCo640XM5kYTNhm8239tR5zlsrVkWW+0/u/apv0/YbXbDSf/FqrXSwuwyVcww14cAstaEMHesDgFT7hC77JFbknD+TxL1oiRecCNkAGv5pEbYE=</latexit>

λ ≥ 0

<latexit sha1_base64="kJI3gmMrNwfW2CyTXI57lwKr0sA=">AAABm3icZU/LTsJAFL2DL8QHVZfGpJEuXBDSYYErExI2xLjAhAIJEDIdLjhh2pl0pkYlfIlb/Sj/xoLdIGd1ch7JOaGWwljf/yGFvf2Dw6Picenk9Oy87Fxc9oxKE44BV1Ilg5AZlCLGwAorcaATZFEosR8uWmu//4qJESru2neN44jNYzETnNlMmjhlzxvJLD5l7oNLPW/iVPyav4G7S2hOKpCjM3HS0VTxNMLYcsmMGdK6tuMlS6zgElelUWpQM75gc1xGzL5o9qGqrp3rTJCSbQWGXTpezlRsMebbzbfN02okeKLWN1bZTvp/1S7p1Wu0UWs81yvNdr64CNdwC3dA4R6a0IYOBMAhhU/4gm9yQ1rkkTz9RQsk71zBFkjwCzf2bIM=</latexit>

λ = 1 number of independent sets

<latexit sha1_base64="b9sVqeGwMZAkFILzHxIcVUrAxPw=">AAABrXicZY/NTsJAFIXv4B/iX9WlmypdmEiw0xhcmZC4YYkJBSIFMh2GOmHamXSmRiWsfRq3+iy+jUW7Qc7qy73nJOeESnBtXPcblTY2t7Z3yruVvf2DwyPr+KSrZZZS5lMpZNoPiWaCJ8w33AjWVykjcShYL5zdL/+9Z5ZqLpOOeVVsGJMo4VNOiclPY+vccR7tOxvbV/aNHYg8OCE5FzTyHGdsVd26+yt7HXABVSjUHltZMJE0i1liqCBaD7CnzHBOUsOpYItKkGmmCJ2RiM1jYp4UeZM120QqPwhBVgyDDh7OpzIxLKGryZff7bWY01Quhy3ynvh/q3XoenXcqDcevGqzVTQuwxlcwCVguIUmtKANPlB4hw/4hC90jXwUoNGftYSKzCmsCEU/vLxyCA==</latexit>

Z = 1 + 4λ + λ2

<latexit sha1_base64="UA8YK4h0Qa/J7+D8aEvlFmEQQWA=">AAABj3icZY+9TgJBFIXv4B/iD6ClDZEtLAjZoYDOkGihHSYskMCGzI4XnDA7M9mZNSrhGWz10XwbAbdZOdXJueck342MFNb5/g8p7O0fHB4Vj0snp2fn5Ur1YmB1mnAMuJY6GUXMohQKAyecxJFJkMWRxGG0uNvch6+YWKFV370bDGM2V2ImOHPrKPA86nnTSt1v+lvVdg3NTB0y9aaVdPKseRqjclwya8e0ZVy4ZIkTXOKqNEktGsYXbI7LmLkXwz50o+bmZh1IyXKFcZ+Gy5lWDhXPL9+23zViwRO9QV+tOel/ql0zaDVpu9l+atW79xlxEa7gGm6AQge68AA9CICDgE/4gm9SJR1yS7p/1QLJNpeQE3n8BYbHaLA=</latexit>

1
<latexit sha1_base64="Q1ZyOb/wc/Dwe2ztc0Zuf97MigA=">AAABlXicZU/LTsJAFL2DL8QHVRcu3BDpwgUhbRe4MiGRGHdiQoGENmQ6XHDCtDPpTI1K+Ay3+l3+jQW7Qc7q5DyScyIluDaO80NKO7t7+wflw8rR8clp1To772uZpQx9JoVMhxHVKHiCvuFG4FClSONI4CCa36/8wSummsukZ94VhjGdJXzKGTW5NLLtQOThCbXtsVV3ms4atW3iFqQOBbpjKwsmkmUxJoYJqvXI9ZQJFzQ1nAlcVoJMo6JsTme4iKl5UfRDNmpmpnJBCLoRGPXccDGVicGEbTbf1h8bMWepXB1Y5jvd/6u2Sd9ruq1m69mrtzvF4jJcwTXcgAu30IZH6IIPDCR8whd8k0tyRzrk4S9aIkXnAjZAnn4BYM5reA==</latexit>

λ
<latexit sha1_base64="Q1ZyOb/wc/Dwe2ztc0Zuf97MigA=">AAABlXicZU/LTsJAFL2DL8QHVRcu3BDpwgUhbRe4MiGRGHdiQoGENmQ6XHDCtDPpTI1K+Ay3+l3+jQW7Qc7q5DyScyIluDaO80NKO7t7+wflw8rR8clp1To772uZpQx9JoVMhxHVKHiCvuFG4FClSONI4CCa36/8wSummsukZ94VhjGdJXzKGTW5NLLtQOThCbXtsVV3ms4atW3iFqQOBbpjKwsmkmUxJoYJqvXI9ZQJFzQ1nAlcVoJMo6JsTme4iKl5UfRDNmpmpnJBCLoRGPXccDGVicGEbTbf1h8bMWepXB1Y5jvd/6u2Sd9ruq1m69mrtzvF4jJcwTXcgAu30IZH6IIPDCR8whd8k0tyRzrk4S9aIkXnAjZAnn4BYM5reA==</latexit>

λ

<latexit sha1_base64="Q1ZyOb/wc/Dwe2ztc0Zuf97MigA=">AAABlXicZU/LTsJAFL2DL8QHVRcu3BDpwgUhbRe4MiGRGHdiQoGENmQ6XHDCtDPpTI1K+Ay3+l3+jQW7Qc7q5DyScyIluDaO80NKO7t7+wflw8rR8clp1To772uZpQx9JoVMhxHVKHiCvuFG4FClSONI4CCa36/8wSummsukZ94VhjGdJXzKGTW5NLLtQOThCbXtsVV3ms4atW3iFqQOBbpjKwsmkmUxJoYJqvXI9ZQJFzQ1nAlcVoJMo6JsTme4iKl5UfRDNmpmpnJBCLoRGPXccDGVicGEbTbf1h8bMWepXB1Y5jvd/6u2Sd9ruq1m69mrtzvF4jJcwTXcgAu30IZH6IIPDCR8whd8k0tyRzrk4S9aIkXnAjZAnn4BYM5reA==</latexit>

λ
<latexit sha1_base64="Q1ZyOb/wc/Dwe2ztc0Zuf97MigA=">AAABlXicZU/LTsJAFL2DL8QHVRcu3BDpwgUhbRe4MiGRGHdiQoGENmQ6XHDCtDPpTI1K+Ay3+l3+jQW7Qc7q5DyScyIluDaO80NKO7t7+wflw8rR8clp1To772uZpQx9JoVMhxHVKHiCvuFG4FClSONI4CCa36/8wSummsukZ94VhjGdJXzKGTW5NLLtQOThCbXtsVV3ms4atW3iFqQOBbpjKwsmkmUxJoYJqvXI9ZQJFzQ1nAlcVoJMo6JsTme4iKl5UfRDNmpmpnJBCLoRGPXccDGVicGEbTbf1h8bMWepXB1Y5jvd/6u2Sd9ruq1m69mrtzvF4jJcwTXcgAu30IZH6IIPDCR8whd8k0tyRzrk4S9aIkXnAjZAnn4BYM5reA==</latexit>

λ
<latexit sha1_base64="+lkmhwGcvBdZ+lIuyetFXdOVtdw=">AAABl3icZU/LTsJAFL2DL8QHqCvjhkgXLkjTdoFLSTSGJSS8EqhkOlzqhGln7EyNSvgOt/pZ/o0Fu0HO6uQ8knMCJbg2jvNDCju7e/sHxcPS0fHJablydt7XMk0Y9pgUMhkGVKPgMfYMNwKHKkEaBQIHwfx+5Q9eMdFcxl3zrtCPaBjzGWfUZJJvWWORhaf0ybOsSaXm2M4a1W3i5qQGOdqTSjqeSpZGGBsmqNYj11PGX9DEcCZwWRqnGhVlcxriIqLmWdEPWa+aUGWCEHQjMOq6/mImY4Mx22y+rV/WI84SubqwzHa6/1dtk75nuw270fFqzYd8cRGu4BpuwIVbaEIL2tADBi/wCV/wTS7JHXkkrb9ogeSdC9gA6fwCV41sHA==</latexit>

λ2

occupied

unoccupied

<latexit sha1_base64="C/JZunabWCEcFkaGb+wM7aaDJxs=">AAABuXicZVDLTsJAFL2DL8QHVZduGukCEyQtC1wYExI3sMOEV0KRTIehjEw7zczUV8NX+DVu9Sv8Gwt0g5zVueeek5x7vYgzpW37F+V2dvf2D/KHhaPjk9OicXbeUyKWhHaJ4EIOPKwoZyHtaqY5HUSS4sDjtO/NH5b7/guViomwo98jOgqwH7IpI1in0ti4sazXcuvavDddnqYm+ClxOZ1qNw1ps2W6kvmz9bSwrLFRsqv2CuY2cTJSggztsRG7E0HigIaacKzU0KlFepRgqRnhdFFwY0UjTObYp0mA9SzCH6Jiaj9KBc7xhmHYcUbJVISahmQz+bb6QyVgRIrlkYu0p/O/1Tbp1apOvVp/rJUazaxxHi7hCsrgwC00oAlt6AKBT/iCb/hBdwijGXpeW3Moy1zABpD6A+RseSk=</latexit>

w(I) = λ|I|

<latexit sha1_base64="+3gp0knyFFvLzr6FLYNQcBN9R5M=">AAABmHicZU/LTgIxFL3FF+ID1J1uJjILTAiZmQWuTEiMAXdoeCWApFMv2NCZNm3HqIT/cKt/5d8IOBvkrE7OIzknVIIb63k/JLO1vbO7l93PHRweHecLJ6cdIxPNsM2kkLoXUoOCx9i23ArsKY00CgV2w+nt0u++ojZcxi37rnAY0UnMx5xRu5CeXLfu3DilTtm5u3LdUaHoVbwVnE3ip6QIKZqjQjJ4liyJMLZMUGP6fqDscEa15UzgPDdIDCrKpnSCs4jaF0U/ZNmxE7UQhKBrgX7LH87GMrYYs/Xm2+pmOeJMy+WH+WKn/3/VJukEFb9aqT4ExVojXZyFC7iEEvhwDTVoQBPawEDDJ3zBNzknNVIn93/RDEk7Z7AG8vgL8ZVq2Q==</latexit>

G = (V, E)
<latexit sha1_base64="Ey63ztfnicQ7nMTcdgxee1zOxI0=">AAABlXicZU/LTsJAFL2DL8QHqAsXbhrpwgUhLQtckZBoDDsx4ZUUQqbjBSdMZyadqVGBz3Cr3+XfWLAb5KxOziM5J9SCG+t5PyS3s7u3f5A/LBwdn5wWS2fnPaOSmGGXKaHiQUgNCi6xa7kVONAx0igU2A9ndyu//4qx4Up27LvGUUSnkk84ozaVAtdd9BZOw5GuOy6Vvaq3hrNN/IyUIUN7XEqGz4olEUrLBDUm8GvajuY0tpwJXBaGiUFN2YxOcR5R+6Lph6o4dqpTQQi6EQg6/mg+UdKiZJvNt/XHSsRZrFYHlulO//+qbdKrVf16tf5UKzdb2eI8XME13IAPt9CEFrShCwwUfMIXfJNL0iD35OEvmiNZ5wI2QB5/AcgYavg=</latexit>

|V| = n
<latexit sha1_base64="eE3sET1iKjt6M9Xax5XeSOHjQS8=">AAABlXicZU/LTsJAFL2DL8QX6sKFm0a6cEGalgWuSEh8hJ2YUCCBhkzHC06YdiadqVGBz3Cr3+XfCNhN5axOziM5J1SCa+O6P6Swtb2zu1fcLx0cHh2flE/PulqmCUOfSSGTfkg1Ch6jb7gR2FcJ0igU2Auntyu/94qJ5jLumHeFQUQnMR9zRs1SGtj2/H5uNazItkfliuu4a1ibxMtIBTK0R+V0+CxZGmFsmKBaD7yaMsGMJoYzgYvSMNWoKJvSCc4ial4U/ZBVy0zUUhCC5gKDjhfMxjI2GLN88239sRpxlsjVgcVyp/d/1Sbp1hyv7tSfapVmK1tchEu4gmvw4Aaa0II2+MBAwid8wTe5IA1yRx7+ogWSdc4hB/L4C7LhauY=</latexit>

|E| = m

<latexit sha1_base64="NZKSAnplBAUcnITkVsYMcym3k7U=">AAABoXicZU/LTsJAFL2DL8QHVePKTWO7wIRgywJXJiRuYIeGVwRCpuMFJ0w7k87UV8PHuNUv8m8E7AY5m3ty7jnJOYESXBvP+yG5re2d3b38fuHg8Oi4aJ2cdrVMYoYdJoWM+wHVKHiEHcONwL6KkYaBwF4wu1v+ey8Yay6jtnlXOArpNOITzqhZSGPr3HWHYVJqXtm39uvyXNuPrju2HK/irWBvEj8jDmRoja1k+CRZEmJkmKBaD/yqMqOUxoYzgfPCMNGoKJvRKaYhNc+KfsiybaZqIQhB1wyDtj9KJzIyGLH15NtqbznkLJbLMfNFT/9/q03SrVb8WqV2X3XqjaxxHi7gEkrgww3UoQEt6ACDFD7hC76JQ5qkRR7+rDmSZc5gDWTwCwrybYM=</latexit>

µ(I) = w(I)/Z



Gibbs Distribution: Example
Graph independent set (hardcore model)

weight (fugacity)
<latexit sha1_base64="qh/XK8E09N6iDIZ/ztSn+DF11Wc=">AAABnXicZU/LTsJAFL2DL8RX0aULG+nCBSFtF7glMSYsjMGEV0IJmQ6XOmHamXSmvgif4la/yb+xYDfIWZ2cR3JOqATXxnV/SGlnd2//oHxYOTo+OT2zqud9LbOUYY9JIdNhSDUKnmDPcCNwqFKkcShwEM7vVv7gBVPNZdI17wrHMY0SPuOMmlyaWFXHCUQen1I7iNB2HWdi1dyGu4a9TbyC1KBAZ2JlwVSyLMbEMEG1Hnm+MuMFTQ1nApeVINOoKJvTCBcxNc+Kfsi6bSKVC0LQjcCo640XM5kYTNhm8239tR5zlsrVkWW+0/u/apv0/YbXbDSf/FqrXSwuwyVcww14cAstaEMHesDgFT7hC77JFbknD+TxL1oiRecCNkAGv5pEbYE=</latexit>

λ ≥ 0

<latexit sha1_base64="kJI3gmMrNwfW2CyTXI57lwKr0sA=">AAABm3icZU/LTsJAFL2DL8QHVZfGpJEuXBDSYYErExI2xLjAhAIJEDIdLjhh2pl0pkYlfIlb/Sj/xoLdIGd1ch7JOaGWwljf/yGFvf2Dw6Picenk9Oy87Fxc9oxKE44BV1Ilg5AZlCLGwAorcaATZFEosR8uWmu//4qJESru2neN44jNYzETnNlMmjhlzxvJLD5l7oNLPW/iVPyav4G7S2hOKpCjM3HS0VTxNMLYcsmMGdK6tuMlS6zgElelUWpQM75gc1xGzL5o9qGqrp3rTJCSbQWGXTpezlRsMebbzbfN02okeKLWN1bZTvp/1S7p1Wu0UWs81yvNdr64CNdwC3dA4R6a0IYOBMAhhU/4gm9yQ1rkkTz9RQsk71zBFkjwCzf2bIM=</latexit>

λ = 1 number of independent sets

<latexit sha1_base64="b9sVqeGwMZAkFILzHxIcVUrAxPw=">AAABrXicZY/NTsJAFIXv4B/iX9WlmypdmEiw0xhcmZC4YYkJBSIFMh2GOmHamXSmRiWsfRq3+iy+jUW7Qc7qy73nJOeESnBtXPcblTY2t7Z3yruVvf2DwyPr+KSrZZZS5lMpZNoPiWaCJ8w33AjWVykjcShYL5zdL/+9Z5ZqLpOOeVVsGJMo4VNOiclPY+vccR7tOxvbV/aNHYg8OCE5FzTyHGdsVd26+yt7HXABVSjUHltZMJE0i1liqCBaD7CnzHBOUsOpYItKkGmmCJ2RiM1jYp4UeZM120QqPwhBVgyDDh7OpzIxLKGryZff7bWY01Quhy3ynvh/q3XoenXcqDcevGqzVTQuwxlcwCVguIUmtKANPlB4hw/4hC90jXwUoNGftYSKzCmsCEU/vLxyCA==</latexit>

Z = 1 + 4λ + λ2

<latexit sha1_base64="UA8YK4h0Qa/J7+D8aEvlFmEQQWA=">AAABj3icZY+9TgJBFIXv4B/iD6ClDZEtLAjZoYDOkGihHSYskMCGzI4XnDA7M9mZNSrhGWz10XwbAbdZOdXJueck342MFNb5/g8p7O0fHB4Vj0snp2fn5Ur1YmB1mnAMuJY6GUXMohQKAyecxJFJkMWRxGG0uNvch6+YWKFV370bDGM2V2ImOHPrKPA86nnTSt1v+lvVdg3NTB0y9aaVdPKseRqjclwya8e0ZVy4ZIkTXOKqNEktGsYXbI7LmLkXwz50o+bmZh1IyXKFcZ+Gy5lWDhXPL9+23zViwRO9QV+tOel/ql0zaDVpu9l+atW79xlxEa7gGm6AQge68AA9CICDgE/4gm9SJR1yS7p/1QLJNpeQE3n8BYbHaLA=</latexit>

1
<latexit sha1_base64="Q1ZyOb/wc/Dwe2ztc0Zuf97MigA=">AAABlXicZU/LTsJAFL2DL8QHVRcu3BDpwgUhbRe4MiGRGHdiQoGENmQ6XHDCtDPpTI1K+Ay3+l3+jQW7Qc7q5DyScyIluDaO80NKO7t7+wflw8rR8clp1To772uZpQx9JoVMhxHVKHiCvuFG4FClSONI4CCa36/8wSummsukZ94VhjGdJXzKGTW5NLLtQOThCbXtsVV3ms4atW3iFqQOBbpjKwsmkmUxJoYJqvXI9ZQJFzQ1nAlcVoJMo6JsTme4iKl5UfRDNmpmpnJBCLoRGPXccDGVicGEbTbf1h8bMWepXB1Y5jvd/6u2Sd9ruq1m69mrtzvF4jJcwTXcgAu30IZH6IIPDCR8whd8k0tyRzrk4S9aIkXnAjZAnn4BYM5reA==</latexit>

λ
<latexit sha1_base64="Q1ZyOb/wc/Dwe2ztc0Zuf97MigA=">AAABlXicZU/LTsJAFL2DL8QHVRcu3BDpwgUhbRe4MiGRGHdiQoGENmQ6XHDCtDPpTI1K+Ay3+l3+jQW7Qc7q5DyScyIluDaO80NKO7t7+wflw8rR8clp1To772uZpQx9JoVMhxHVKHiCvuFG4FClSONI4CCa36/8wSummsukZ94VhjGdJXzKGTW5NLLtQOThCbXtsVV3ms4atW3iFqQOBbpjKwsmkmUxJoYJqvXI9ZQJFzQ1nAlcVoJMo6JsTme4iKl5UfRDNmpmpnJBCLoRGPXccDGVicGEbTbf1h8bMWepXB1Y5jvd/6u2Sd9ruq1m69mrtzvF4jJcwTXcgAu30IZH6IIPDCR8whd8k0tyRzrk4S9aIkXnAjZAnn4BYM5reA==</latexit>

λ

<latexit sha1_base64="Q1ZyOb/wc/Dwe2ztc0Zuf97MigA=">AAABlXicZU/LTsJAFL2DL8QHVRcu3BDpwgUhbRe4MiGRGHdiQoGENmQ6XHDCtDPpTI1K+Ay3+l3+jQW7Qc7q5DyScyIluDaO80NKO7t7+wflw8rR8clp1To772uZpQx9JoVMhxHVKHiCvuFG4FClSONI4CCa36/8wSummsukZ94VhjGdJXzKGTW5NLLtQOThCbXtsVV3ms4atW3iFqQOBbpjKwsmkmUxJoYJqvXI9ZQJFzQ1nAlcVoJMo6JsTme4iKl5UfRDNmpmpnJBCLoRGPXccDGVicGEbTbf1h8bMWepXB1Y5jvd/6u2Sd9ruq1m69mrtzvF4jJcwTXcgAu30IZH6IIPDCR8whd8k0tyRzrk4S9aIkXnAjZAnn4BYM5reA==</latexit>

λ
<latexit sha1_base64="Q1ZyOb/wc/Dwe2ztc0Zuf97MigA=">AAABlXicZU/LTsJAFL2DL8QHVRcu3BDpwgUhbRe4MiGRGHdiQoGENmQ6XHDCtDPpTI1K+Ay3+l3+jQW7Qc7q5DyScyIluDaO80NKO7t7+wflw8rR8clp1To772uZpQx9JoVMhxHVKHiCvuFG4FClSONI4CCa36/8wSummsukZ94VhjGdJXzKGTW5NLLtQOThCbXtsVV3ms4atW3iFqQOBbpjKwsmkmUxJoYJqvXI9ZQJFzQ1nAlcVoJMo6JsTme4iKl5UfRDNmpmpnJBCLoRGPXccDGVicGEbTbf1h8bMWepXB1Y5jvd/6u2Sd9ruq1m69mrtzvF4jJcwTXcgAu30IZH6IIPDCR8whd8k0tyRzrk4S9aIkXnAjZAnn4BYM5reA==</latexit>

λ
<latexit sha1_base64="+lkmhwGcvBdZ+lIuyetFXdOVtdw=">AAABl3icZU/LTsJAFL2DL8QHqCvjhkgXLkjTdoFLSTSGJSS8EqhkOlzqhGln7EyNSvgOt/pZ/o0Fu0HO6uQ8knMCJbg2jvNDCju7e/sHxcPS0fHJablydt7XMk0Y9pgUMhkGVKPgMfYMNwKHKkEaBQIHwfx+5Q9eMdFcxl3zrtCPaBjzGWfUZJJvWWORhaf0ybOsSaXm2M4a1W3i5qQGOdqTSjqeSpZGGBsmqNYj11PGX9DEcCZwWRqnGhVlcxriIqLmWdEPWa+aUGWCEHQjMOq6/mImY4Mx22y+rV/WI84SubqwzHa6/1dtk75nuw270fFqzYd8cRGu4BpuwIVbaEIL2tADBi/wCV/wTS7JHXkkrb9ogeSdC9gA6fwCV41sHA==</latexit>

λ2

occupied

unoccupied

<latexit sha1_base64="/gLeL3mic1YzQkw7WrPL5t+g4V0=">AAAB8nicZVC7TsMwAHTKq5RXgJHFohlaqYqSDmWtxNKNIvUl1SVyXCdYdWLjOKgQ9UfYECufwg/wG6ww0EcYSm863UM6nS85S7TjfBqFre2d3b3ifung8Oj4xDw96yUiVYR2ieBCDXycUM5i2tVMczqQiuLI57TvT64Xfv+RqoSJuKOfJB1FOIxZwAjWc8kzA8tCgVCYc4gSFkYYIhZDdBPRENcgekjxGKIovctW0szLkE81nlVW6SpEUgmpBUR0KitLDyIyFhq2/iJV27I8s+zYzhJwk7g5KYMcbc9M0ViQNKKxJhwnydCtSz3KsNKMcDoroTShEpMJDmkWYX0v8bOoQR3KucA5XgsMO+4oC0SsaUzWm9PlgbWIESUW78zmO93/qzZJr267DbtxWy83W/niIrgAl6ACXHAFmqAF2qALCPgAX+Ab/BjaeDFejbdVtGDknXOwBuP9F3UCj6Q=</latexit>

∀σ ∈ Ω, µΩ
β (σ) ∝ exp(β · H(σ)).

<latexit sha1_base64="tHpIQggCcV6s04CxHjmmgZno6jw=">AAAB0HicZZA7T8MwFIWd8irlFWBksWiGVqqipEOZkCrB0I2C+hJ1FTmuG6zasRU7qBBViJWfwq9hLb+GvpbSMx3d+x3p3BsqzrTxvJmV29nd2z/IHxaOjk9Oz+zzi46WaUJom0guk16INeUspm3DDKc9lVAsQk674fhuse++0kQzGbfMm6IDgaOYjRjBZj4K7HvHeS6hkBpchrcQ6VQEGdIsEhgiFkP0IGiEpxDRiVphEJGhNLBRWlHlsus4gV30XG8puG38tSmCtZqBnaKhJKmgsSEca933q8oMMpwYRjidFlCqqcJkjCOaCWxeFH6XFWgiNR9wjjeAfssfZCMZGxqTzeRk+Z6KYCSRi9un857+/1bbplN1/Zpbe6wW64114zy4AtegBHxwA+qgAZqgDQj4Bj9gBn6tJ2tifVifKzRnrTOXYEPW1x/0b4ED</latexit>

Z(β) = ∑
σ∈Ω

exp(β · H(σ)).

<latexit sha1_base64="YSDctU6/0zk2ChGC7WoINRXO8qM=">AAAB3HicZVBNS8NAEN34WetX1KOXxebgoZSkhwqCUPBST1boFzS1bLbTdOlmN2Y3Ug25eROv/hT/i+BVf4dpzaX2HYY3M+8Nj/FCzpS27U9jbX1jc2u7sFPc3ds/ODSPjjtKxhGFNpVcRj2PKOBMQFszzaEXRkACj0PXm17P991HiBSToqWfQhgExBdszCjR2WhoNi3LvQ3AJ/gKuxzG2k1usKtiT4GGB9y5xFmrYaaFjALCE8wUJgIzMYIQsiI0zpSpGzF/ot3UsoZmya7YC+BV4uSkhHI0h2bsjiSNg+wU5USpvlMN9SAhkWaUQ1p0YwUhoVPiQxIQPQnJsyxj7YfZgHOyJOi3nEEylkKDoMvO2eJV5YDRSM7/kGY5nf+pVkmnWnFqldpdtVRv5IkL6BSdoXPkoAtURw3URG1E0Qf6Qt/ox7g3XoxX4+1PumbknhO0BOP9Fxujh6Y=</latexit>

Ω = {I ⊆ V : I is an independent set}
<latexit sha1_base64="nuxGkESwG0FKIBm8RtmmVvMDa8U=">AAABpHicZU9NT8JAFHyLX4hfVS8mXhppjAdCWg54MiHxwsEDRgokFMl2edSN2+6muzUqwV/jVf+P/8aCvSBzeJnMm0lmQiW4Nq77Q0obm1vbO+Xdyt7+weGRdXzS0zJLGfpMCpkOQqpR8AR9w43AgUqRxqHAfvh8u/j3XzDVXCZd86ZwFNMo4VPOqMmlsXXmOEGIhto3diBklJ88O6GOM7aqbt1dwl4nXkGqUKAztrJgIlkWY2KYoFoPvYYyoxlNDWcC55Ug06goe6YRzmJqnhR9lzXbRCoXhKArhmHXG82mMjGYsNXk63JyLeYslYs987yn97/VOuk16l6z3rxvVFvtonEZzuECrsCDa2hBGzrgA4MP+IQv+CaX5I48EP/PWiJF5hRWQB5/AccicGI=</latexit>

β = log λ
<latexit sha1_base64="6j8LrlkMQXltTkjrFp1BTyoEu3E=">AAABr3icZU/NTgIxGPyKf4g/oB69bGQPmBCy5YAnExIvcMOEv4RF7NayNHS3Tds1KuEBfBqv+ii+jQvsBZnTfPPNJDOBEtxYz/tFub39g8Oj/HHh5PTsvFi6uOwbmWjKelQKqYcBMUzwmPUst4INlWYkCgQbBPOH1X/wyrThMu7ad8XGEQljPuWU2FSalMqu26q0b517xxdsav3Ua52242sezjaX66Yur+at4ewSnJEyZOhMSon/ImkSsdhSQYwZ4bqy4wXRllPBlgU/MUwROichW0TEzhT5kFXHhioVhCBbhlEXjxdTGVsW0+3k23p9NeJUy9W0ZdoT/2+1S/r1Gm7UGo/1crOVNc7DNdxABTDcQRNa0IEeUPiEL/iGH4TRAD2h5401h7LMFWwB8T/5HHSD</latexit>

H(I) = |I|

<latexit sha1_base64="SnC9MKAcgYroQPpOnDvRR+Nbe5E=">AAABvnicZVDLTsJAFJ3iC/FVdemmkS4wIaTtAlcmJG5YYsIrAiHT4RYnzCszU4M2/Idf41Z/wb+xYDfIWdycnHvuzbk3VowaGwQ/Tmlv/+DwqHxcOTk9O79wL6/6RqaaQI9IJvUwxgYYFdCz1DIYKg2YxwwG8eJx3R+8gjZUiq59UzDheC5oQgm2uTR1I99/rgV33oM3trC0QmqOWSZSHoP2ZOJRMQMFeRHWM2DNyvenbjVoBBt4uyQsSBUV6EzddDyTJOX5DsKwMaMwUnaSYW0pYbCqjFMDCpMFnkPGsX1R+F3WPTtXucAY3jKMuuEkS6SwIMj25HLzjDqnRMv1pas8Z/g/1S7pR42w2Wg+RdVWu0hcRjfoFtVQiO5RC7VRB/UQQR/oE32hb6flJA535J+15BQz12gLzvIXaC97ew==</latexit>

Z(0) = number of independent sets
<latexit sha1_base64="hbzP9taUXdTKsmKPX311YomIO+0=">AAABnnicZU9LTwIxGPyKL8TXikcvG3cPmCDZcsCTCYmJ4WLEhMdGIKRbCzZ022bbNSDhr3jVv+S/EXAvyJwm80hmIi24sUHwg3I7u3v7B/nDwtHxyemZc17sGJUmlLWpEioJI2KY4JK1LbeChTphJI4E60aT+5XffWeJ4Uq27EyzQUzGko84JXYpDZ2i77+Ubvpcjuzs2r1zse8PHS+oBGu42wRnxIMMzaGT9l8VTWMmLRXEmB6uajuYk8RyKtii0E8N04ROyJjNY2LfNPlQZdeO9VIQgmwEei08mI+UtEzSzeZ0fbYcc5qo1ZPFcif+v2qbdKoVXKvUnqtevZEtzsMlXEEJMNxCHRrQhDZQmMInfME3ctEDekRPf9EcyjoXsAEU/gJqZG1C</latexit>

Z(−∞) = 1

<latexit sha1_base64="h06teG9ZtGBFHvBe+V335LkkPEU=">AAAB7nicZVC7TsMwFHXKq5RXgJHFohmKVFVJh7JWYmknitSXVJfIcZ3UqhMbx0FAlN9gQ6x8Cr/AT7DCSPpYSs907rnn3nt0PclZrG37yyhsbe/s7hX3SweHR8cn5ulZPxaJIrRHBBdq6OGYchbRnmaa06FUFIcepwNvdjPvDx6pipmIuvpZ0nGIg4j5jGCdS67pWRbyhcKcwzZELILoNqQBrkL0kOAJRGFyny6lzE2RRzXOKu0riKQSUguIeH5qgnMPp75G+SU936NYMF1WmWW5Ztmu2QvATeKsSBms0HHNBE0ESUIaacJxHI+cutTjFCvNCKdZCSUxlZjMcEDTEOupxC+iCnUgc4FzvGYYdZ1x6otI04isTz4tnlcNGVFi/pksz+n8T7VJ+vWa06g17urlZmuVuAguwCWoAAdcgyZogQ7oAQI+wTf4Ab+GNF6NN+N9aS0Yq5lzsAbj4w/NLI8f</latexit>

∀I ∈ Ω, µΩ
β (I) ∝ λ|I|

<latexit sha1_base64="C/JZunabWCEcFkaGb+wM7aaDJxs=">AAABuXicZVDLTsJAFL2DL8QHVZduGukCEyQtC1wYExI3sMOEV0KRTIehjEw7zczUV8NX+DVu9Sv8Gwt0g5zVueeek5x7vYgzpW37F+V2dvf2D/KHhaPjk9OicXbeUyKWhHaJ4EIOPKwoZyHtaqY5HUSS4sDjtO/NH5b7/guViomwo98jOgqwH7IpI1in0ti4sazXcuvavDddnqYm+ClxOZ1qNw1ps2W6kvmz9bSwrLFRsqv2CuY2cTJSggztsRG7E0HigIaacKzU0KlFepRgqRnhdFFwY0UjTObYp0mA9SzCH6Jiaj9KBc7xhmHYcUbJVISahmQz+bb6QyVgRIrlkYu0p/O/1Tbp1apOvVp/rJUazaxxHi7hCsrgwC00oAlt6AKBT/iCb/hBdwijGXpeW3Moy1zABpD6A+RseSk=</latexit>

w(I) = λ|I|

<latexit sha1_base64="+3gp0knyFFvLzr6FLYNQcBN9R5M=">AAABmHicZU/LTgIxFL3FF+ID1J1uJjILTAiZmQWuTEiMAXdoeCWApFMv2NCZNm3HqIT/cKt/5d8IOBvkrE7OIzknVIIb63k/JLO1vbO7l93PHRweHecLJ6cdIxPNsM2kkLoXUoOCx9i23ArsKY00CgV2w+nt0u++ojZcxi37rnAY0UnMx5xRu5CeXLfu3DilTtm5u3LdUaHoVbwVnE3ip6QIKZqjQjJ4liyJMLZMUGP6fqDscEa15UzgPDdIDCrKpnSCs4jaF0U/ZNmxE7UQhKBrgX7LH87GMrYYs/Xm2+pmOeJMy+WH+WKn/3/VJukEFb9aqT4ExVojXZyFC7iEEvhwDTVoQBPawEDDJ3zBNzknNVIn93/RDEk7Z7AG8vgL8ZVq2Q==</latexit>

G = (V, E)
<latexit sha1_base64="Ey63ztfnicQ7nMTcdgxee1zOxI0=">AAABlXicZU/LTsJAFL2DL8QHqAsXbhrpwgUhLQtckZBoDDsx4ZUUQqbjBSdMZyadqVGBz3Cr3+XfWLAb5KxOziM5J9SCG+t5PyS3s7u3f5A/LBwdn5wWS2fnPaOSmGGXKaHiQUgNCi6xa7kVONAx0igU2A9ndyu//4qx4Up27LvGUUSnkk84ozaVAtdd9BZOw5GuOy6Vvaq3hrNN/IyUIUN7XEqGz4olEUrLBDUm8GvajuY0tpwJXBaGiUFN2YxOcR5R+6Lph6o4dqpTQQi6EQg6/mg+UdKiZJvNt/XHSsRZrFYHlulO//+qbdKrVf16tf5UKzdb2eI8XME13IAPt9CEFrShCwwUfMIXfJNL0iD35OEvmiNZ5wI2QB5/AcgYavg=</latexit>

|V| = n
<latexit sha1_base64="eE3sET1iKjt6M9Xax5XeSOHjQS8=">AAABlXicZU/LTsJAFL2DL8QX6sKFm0a6cEGalgWuSEh8hJ2YUCCBhkzHC06YdiadqVGBz3Cr3+XfCNhN5axOziM5J1SCa+O6P6Swtb2zu1fcLx0cHh2flE/PulqmCUOfSSGTfkg1Ch6jb7gR2FcJ0igU2Auntyu/94qJ5jLumHeFQUQnMR9zRs1SGtj2/H5uNazItkfliuu4a1ibxMtIBTK0R+V0+CxZGmFsmKBaD7yaMsGMJoYzgYvSMNWoKJvSCc4ial4U/ZBVy0zUUhCC5gKDjhfMxjI2GLN88239sRpxlsjVgcVyp/d/1Sbp1hyv7tSfapVmK1tchEu4gmvw4Aaa0II2+MBAwid8wTe5IA1yRx7+ogWSdc4hB/L4C7LhauY=</latexit>

|E| = m

<latexit sha1_base64="NZKSAnplBAUcnITkVsYMcym3k7U=">AAABoXicZU/LTsJAFL2DL8QHVePKTWO7wIRgywJXJiRuYIeGVwRCpuMFJ0w7k87UV8PHuNUv8m8E7AY5m3ty7jnJOYESXBvP+yG5re2d3b38fuHg8Oi4aJ2cdrVMYoYdJoWM+wHVKHiEHcONwL6KkYaBwF4wu1v+ey8Yay6jtnlXOArpNOITzqhZSGPr3HWHYVJqXtm39uvyXNuPrju2HK/irWBvEj8jDmRoja1k+CRZEmJkmKBaD/yqMqOUxoYzgfPCMNGoKJvRKaYhNc+KfsiybaZqIQhB1wyDtj9KJzIyGLH15NtqbznkLJbLMfNFT/9/q03SrVb8WqV2X3XqjaxxHi7gEkrgww3UoQEt6ACDFD7hC76JQ5qkRR7+rDmSZc5gDWTwCwrybYM=</latexit>

µ(I) = w(I)/Z



Simulated Annealing
<latexit sha1_base64="hbzP9taUXdTKsmKPX311YomIO+0=">AAABnnicZU9LTwIxGPyKL8TXikcvG3cPmCDZcsCTCYmJ4WLEhMdGIKRbCzZ022bbNSDhr3jVv+S/EXAvyJwm80hmIi24sUHwg3I7u3v7B/nDwtHxyemZc17sGJUmlLWpEioJI2KY4JK1LbeChTphJI4E60aT+5XffWeJ4Uq27EyzQUzGko84JXYpDZ2i77+Ubvpcjuzs2r1zse8PHS+oBGu42wRnxIMMzaGT9l8VTWMmLRXEmB6uajuYk8RyKtii0E8N04ROyJjNY2LfNPlQZdeO9VIQgmwEei08mI+UtEzSzeZ0fbYcc5qo1ZPFcif+v2qbdKoVXKvUnqtevZEtzsMlXEEJMNxCHRrQhDZQmMInfME3ctEDekRPf9EcyjoXsAEU/gJqZG1C</latexit>

Z(−∞) = 1
<latexit sha1_base64="SnC9MKAcgYroQPpOnDvRR+Nbe5E=">AAABvnicZVDLTsJAFJ3iC/FVdemmkS4wIaTtAlcmJG5YYsIrAiHT4RYnzCszU4M2/Idf41Z/wb+xYDfIWdycnHvuzbk3VowaGwQ/Tmlv/+DwqHxcOTk9O79wL6/6RqaaQI9IJvUwxgYYFdCz1DIYKg2YxwwG8eJx3R+8gjZUiq59UzDheC5oQgm2uTR1I99/rgV33oM3trC0QmqOWSZSHoP2ZOJRMQMFeRHWM2DNyvenbjVoBBt4uyQsSBUV6EzddDyTJOX5DsKwMaMwUnaSYW0pYbCqjFMDCpMFnkPGsX1R+F3WPTtXucAY3jKMuuEkS6SwIMj25HLzjDqnRMv1pas8Z/g/1S7pR42w2Wg+RdVWu0hcRjfoFtVQiO5RC7VRB/UQQR/oE32hb6flJA535J+15BQz12gLzvIXaC97ew==</latexit>

Z(0) = number of independent sets
<latexit sha1_base64="D1qrIs9dbGJzSguAHH5iY/x/eoc=">AAABk3icZY9LT8JAFIXv4AvxAWpcuSG2CxeEtF3gwg1RF2xMMOFlaEOm4wUnTDuTztSoDb/Crf4w/42A3VTO6uTcc5LvhkpwbRznh5S2tnd298r7lYPDo+Nq7eR0oGWaMOwzKWQyCqlGwWPsG24EjlSCNAoFDsP53eo+fMVEcxn3zLvCIKKzmE85o2YZPdm2H6Khtj2pWU7TWau+adzcWJCrO6ml/rNkaYSxYYJqPXY9ZYKMJoYzgYuKn2pUlM3pDLOImhdFP2SjbmZqGQhBC4Vxzw2yqYwNxqy4fFt/2Ig4S+QKf7HkdP9TbZqB13RbzdajZ7U7OXEZLuASrsCFa2hDB7rQBwYRfMIXfJNzckNuyf1ftUTyzRkURB5+AS9DaqM=</latexit>

β

To estimate          , it suffices to estimate the ratio                         . 
<latexit sha1_base64="tPVU+ytD7SNTeSZUWGeMqzD/1cQ=">AAABknicZY87TwJBFIXv4AvxAT46GyJbYELI7haYWGFoKCwwYYEIhMyOl3XC7MxkZ9aohD9hq3/MfyPgNsipTs49J/luqAU31nV/SG5nd2//IH9YODo+OS2Wzs57RqUJw4ApoZJBSA0KLjGw3Aoc6ARpHArsh7PW6t5/xcRwJbv2XeM4ppHkU86oXUYDx3mqujeOMylV3Lq7VnnbeJmpQKbOpJSOnhVLY5SWCWrM0PO1Hc9pYjkTuCiMUoOashmNcB5T+6Lph6qVbaSXgRB0ozDseuP5VEmLkm0u39YP1mLOErWiXyw5vf9U26bn171GvfHoV5rtjDgPV3ANVfDgFprQhg4EwEDAJ3zBN7kkd+SetP6qOZJtLmBD5OEXvV1pfA==</latexit>

Z(0)
<latexit sha1_base64="n+DvGonL6prpMOS5vU1+KFL42Do=">AAABq3icZU9LT8JAGPyKL8RX1aMHG+kBEiAtBzyZkHjhCJFXoIRs1y1u2O5utlsjNj36a7zqj/HfWLAXZA5fJvPNJDO+ZDTSjvNjFPb2Dw6Piselk9Oz8wvz8moYiVhhMsCCCTX2UUQY5WSgqWZkLBVBoc/IyF8+rv+jV6IiKnhfrySZhWjBaUAx0pk0N29tu2c9WF6gEE4mFaeaZrfuUR7oVTW17blZdhrOBtYucXNShhzduRl7zwLHIeEaMxRFU7cp9SxBSlPMSFry4ohIhJdoQZIQ6ReJ3kXN0guZCYyhLcO0786SQHBNON5Ovm2W10KKlVjPSrOe7v9Wu2TYbLitRqvXLLc7eeMi3MAdVMCFe2hDB7owAAwf8Alf8G3UjSdjYnh/1oKRZ65hCwb5BUjVcqc=</latexit>

Q =
Z(0)

Z(−∞)

🔥🧊



Simulated Annealing
<latexit sha1_base64="hbzP9taUXdTKsmKPX311YomIO+0=">AAABnnicZU9LTwIxGPyKL8TXikcvG3cPmCDZcsCTCYmJ4WLEhMdGIKRbCzZ022bbNSDhr3jVv+S/EXAvyJwm80hmIi24sUHwg3I7u3v7B/nDwtHxyemZc17sGJUmlLWpEioJI2KY4JK1LbeChTphJI4E60aT+5XffWeJ4Uq27EyzQUzGko84JXYpDZ2i77+Ubvpcjuzs2r1zse8PHS+oBGu42wRnxIMMzaGT9l8VTWMmLRXEmB6uajuYk8RyKtii0E8N04ROyJjNY2LfNPlQZdeO9VIQgmwEei08mI+UtEzSzeZ0fbYcc5qo1ZPFcif+v2qbdKoVXKvUnqtevZEtzsMlXEEJMNxCHRrQhDZQmMInfME3ctEDekRPf9EcyjoXsAEU/gJqZG1C</latexit>

Z(−∞) = 1
<latexit sha1_base64="SnC9MKAcgYroQPpOnDvRR+Nbe5E=">AAABvnicZVDLTsJAFJ3iC/FVdemmkS4wIaTtAlcmJG5YYsIrAiHT4RYnzCszU4M2/Idf41Z/wb+xYDfIWdycnHvuzbk3VowaGwQ/Tmlv/+DwqHxcOTk9O79wL6/6RqaaQI9IJvUwxgYYFdCz1DIYKg2YxwwG8eJx3R+8gjZUiq59UzDheC5oQgm2uTR1I99/rgV33oM3trC0QmqOWSZSHoP2ZOJRMQMFeRHWM2DNyvenbjVoBBt4uyQsSBUV6EzddDyTJOX5DsKwMaMwUnaSYW0pYbCqjFMDCpMFnkPGsX1R+F3WPTtXucAY3jKMuuEkS6SwIMj25HLzjDqnRMv1pas8Z/g/1S7pR42w2Wg+RdVWu0hcRjfoFtVQiO5RC7VRB/UQQR/oE32hb6flJA535J+15BQz12gLzvIXaC97ew==</latexit>

Z(0) = number of independent sets
<latexit sha1_base64="D1qrIs9dbGJzSguAHH5iY/x/eoc=">AAABk3icZY9LT8JAFIXv4AvxAWpcuSG2CxeEtF3gwg1RF2xMMOFlaEOm4wUnTDuTztSoDb/Crf4w/42A3VTO6uTcc5LvhkpwbRznh5S2tnd298r7lYPDo+Nq7eR0oGWaMOwzKWQyCqlGwWPsG24EjlSCNAoFDsP53eo+fMVEcxn3zLvCIKKzmE85o2YZPdm2H6Khtj2pWU7TWau+adzcWJCrO6ml/rNkaYSxYYJqPXY9ZYKMJoYzgYuKn2pUlM3pDLOImhdFP2SjbmZqGQhBC4Vxzw2yqYwNxqy4fFt/2Ig4S+QKf7HkdP9TbZqB13RbzdajZ7U7OXEZLuASrsCFa2hDB7rQBwYRfMIXfJNzckNuyf1ftUTyzRkURB5+AS9DaqM=</latexit>

β

To estimate          , it suffices to estimate the ratio                         . 
<latexit sha1_base64="tPVU+ytD7SNTeSZUWGeMqzD/1cQ=">AAABknicZY87TwJBFIXv4AvxAT46GyJbYELI7haYWGFoKCwwYYEIhMyOl3XC7MxkZ9aohD9hq3/MfyPgNsipTs49J/luqAU31nV/SG5nd2//IH9YODo+OS2Wzs57RqUJw4ApoZJBSA0KLjGw3Aoc6ARpHArsh7PW6t5/xcRwJbv2XeM4ppHkU86oXUYDx3mqujeOMylV3Lq7VnnbeJmpQKbOpJSOnhVLY5SWCWrM0PO1Hc9pYjkTuCiMUoOashmNcB5T+6Lph6qVbaSXgRB0ozDseuP5VEmLkm0u39YP1mLOErWiXyw5vf9U26bn171GvfHoV5rtjDgPV3ANVfDgFprQhg4EwEDAJ3zBN7kkd+SetP6qOZJtLmBD5OEXvV1pfA==</latexit>

Z(0)
<latexit sha1_base64="n+DvGonL6prpMOS5vU1+KFL42Do=">AAABq3icZU9LT8JAGPyKL8RX1aMHG+kBEiAtBzyZkHjhCJFXoIRs1y1u2O5utlsjNj36a7zqj/HfWLAXZA5fJvPNJDO+ZDTSjvNjFPb2Dw6Piselk9Oz8wvz8moYiVhhMsCCCTX2UUQY5WSgqWZkLBVBoc/IyF8+rv+jV6IiKnhfrySZhWjBaUAx0pk0N29tu2c9WF6gEE4mFaeaZrfuUR7oVTW17blZdhrOBtYucXNShhzduRl7zwLHIeEaMxRFU7cp9SxBSlPMSFry4ohIhJdoQZIQ6ReJ3kXN0guZCYyhLcO0786SQHBNON5Ovm2W10KKlVjPSrOe7v9Wu2TYbLitRqvXLLc7eeMi3MAdVMCFe2hDB7owAAwf8Alf8G3UjSdjYnh/1oKRZ65hCwb5BUjVcqc=</latexit>

Q =
Z(0)

Z(−∞)

🔥🧊

Given sampling oracle: Input: Output:
<latexit sha1_base64="8op0+zlwvO0mwGPcBkU/bKH+jrw=">AAABq3icZU+5TsNAFHwOVwiXgZICi7igCJHtIrSRaNIRRC4RB2u9vJhVdr2Wd40AyyVfQwsfw9+QBDchU43mkGbChDOlHefHqGxsbm3vVHdre/sHh0fm8clAySyl2KeSy3QUEoWcxdjXTHMcJSkSEXIchrObhT98wVQxGff0W4ITQaKYTRklei4F5rltjyxfMWH5InvM/VuBESmC3A9Rk8K2A7PuNJ0lrHXilqQOJbqBmflPkmYCY005UWrseome5CTVjHIsan6mMCF0RiLMBdHPCXmXDUtHyVzgnKwExj13kk9lrDGmq83X5fOGYDSVi1vFfKf7f9U6GXhNt9Vs3Xn1dqdcXIUzuIBLcOEa2tCBLvSBwgd8whd8G1fGvfFg+H/RilF2TmEFBv4CDgB0HQ==</latexit>

X ∼ µΩ
β

<latexit sha1_base64="t+Ye50PCZeZY7iYUqW8TLyFEhTA=">AAABpnicZU9NT8JAFHyLX4hfVW96aaQHDkhaDngl8cLJYEKBhDa4XR+4Ybu7abdGJCT+Gq/6d/w3FuwFmcPLZN5MMhNpwVPjuj+ktLO7t39QPqwcHZ+cnlnnF/1UZQlDnymhkmFEUxRcom+4ETjUCdI4EjiIZver/+AVk5Qr2TNzjWFMp5JPOKMml8bWleMEERpqB1zao9v8Tsy8bruh44ytqttw17C3iVeQKhTojq0seFYsi1EaJmiajrymNuGCJoYzgctKkKWoKZvRKS5ial40fVd120x1LghBNwyjnhcuJkoalGwz+bYeXY85S9Rq0TLv6f1vtU36zYbXarQem9V2p2hchmu4gRp4cAdt6EAXfGDwAZ/wBd+kRh6ITwZ/1hIpMpewAfL0C5M7cNg=</latexit>

β ∈ [−∞, 0]

RNC samplable for             [Liu, Yin 2025]
<latexit sha1_base64="Oq/u3DUv6dqTFZS4Y2rFBgwRFi0=">AAABt3icZY/LTsJQEIaneEO8VV26aaQLEwlpmwBxh5cFC00w4ZbQpjk9DnDCaU9pTw3a9CF8Grf6GL6NgN0g/+rPzP9PvvFCzmJpGD9KYWt7Z3evuF86ODw6PlFPz3qxSCKKXSq4iAYeiZGzALuSSY6DMELiexz73vR+ue+/YhQzEXTkW4iOT8YBGzFK5GLkqte6bkucy9WlYavz9OikjduGcVfLUvsBuSSazXGm1TJdd9WyUTVW0jaNmZsy5Gq7amK/CJr4GEjKSRwPTSuUTkoiySjHrGQnMYaETskYU5/ISUjeRUWT43Ax4JysBYYd00lHIpAY0PXmfMVe8RmNxPLFbMFp/qfaND2ratar9Wer3GzlxEW4gEu4AhMa0IQWtKELFD7gE77gW7lRXGWkTP6iBSXvnMOalNkvT/B3/A==</latexit>

∆ ≤ 5



Simulated Annealing
<latexit sha1_base64="hbzP9taUXdTKsmKPX311YomIO+0=">AAABnnicZU9LTwIxGPyKL8TXikcvG3cPmCDZcsCTCYmJ4WLEhMdGIKRbCzZ022bbNSDhr3jVv+S/EXAvyJwm80hmIi24sUHwg3I7u3v7B/nDwtHxyemZc17sGJUmlLWpEioJI2KY4JK1LbeChTphJI4E60aT+5XffWeJ4Uq27EyzQUzGko84JXYpDZ2i77+Ubvpcjuzs2r1zse8PHS+oBGu42wRnxIMMzaGT9l8VTWMmLRXEmB6uajuYk8RyKtii0E8N04ROyJjNY2LfNPlQZdeO9VIQgmwEei08mI+UtEzSzeZ0fbYcc5qo1ZPFcif+v2qbdKoVXKvUnqtevZEtzsMlXEEJMNxCHRrQhDZQmMInfME3ctEDekRPf9EcyjoXsAEU/gJqZG1C</latexit>

Z(−∞) = 1
<latexit sha1_base64="SnC9MKAcgYroQPpOnDvRR+Nbe5E=">AAABvnicZVDLTsJAFJ3iC/FVdemmkS4wIaTtAlcmJG5YYsIrAiHT4RYnzCszU4M2/Idf41Z/wb+xYDfIWdycnHvuzbk3VowaGwQ/Tmlv/+DwqHxcOTk9O79wL6/6RqaaQI9IJvUwxgYYFdCz1DIYKg2YxwwG8eJx3R+8gjZUiq59UzDheC5oQgm2uTR1I99/rgV33oM3trC0QmqOWSZSHoP2ZOJRMQMFeRHWM2DNyvenbjVoBBt4uyQsSBUV6EzddDyTJOX5DsKwMaMwUnaSYW0pYbCqjFMDCpMFnkPGsX1R+F3WPTtXucAY3jKMuuEkS6SwIMj25HLzjDqnRMv1pas8Z/g/1S7pR42w2Wg+RdVWu0hcRjfoFtVQiO5RC7VRB/UQQR/oE32hb6flJA535J+15BQz12gLzvIXaC97ew==</latexit>

Z(0) = number of independent sets
<latexit sha1_base64="D1qrIs9dbGJzSguAHH5iY/x/eoc=">AAABk3icZY9LT8JAFIXv4AvxAWpcuSG2CxeEtF3gwg1RF2xMMOFlaEOm4wUnTDuTztSoDb/Crf4w/42A3VTO6uTcc5LvhkpwbRznh5S2tnd298r7lYPDo+Nq7eR0oGWaMOwzKWQyCqlGwWPsG24EjlSCNAoFDsP53eo+fMVEcxn3zLvCIKKzmE85o2YZPdm2H6Khtj2pWU7TWau+adzcWJCrO6ml/rNkaYSxYYJqPXY9ZYKMJoYzgYuKn2pUlM3pDLOImhdFP2SjbmZqGQhBC4Vxzw2yqYwNxqy4fFt/2Ig4S+QKf7HkdP9TbZqB13RbzdajZ7U7OXEZLuASrsCFa2hDB7rQBwYRfMIXfJNzckNuyf1ftUTyzRkURB5+AS9DaqM=</latexit>

β

To estimate          , it suffices to estimate the ratio                         . 
<latexit sha1_base64="tPVU+ytD7SNTeSZUWGeMqzD/1cQ=">AAABknicZY87TwJBFIXv4AvxAT46GyJbYELI7haYWGFoKCwwYYEIhMyOl3XC7MxkZ9aohD9hq3/MfyPgNsipTs49J/luqAU31nV/SG5nd2//IH9YODo+OS2Wzs57RqUJw4ApoZJBSA0KLjGw3Aoc6ARpHArsh7PW6t5/xcRwJbv2XeM4ppHkU86oXUYDx3mqujeOMylV3Lq7VnnbeJmpQKbOpJSOnhVLY5SWCWrM0PO1Hc9pYjkTuCiMUoOashmNcB5T+6Lph6qVbaSXgRB0ozDseuP5VEmLkm0u39YP1mLOErWiXyw5vf9U26bn171GvfHoV5rtjDgPV3ANVfDgFprQhg4EwEDAJ3zBN7kkd+SetP6qOZJtLmBD5OEXvV1pfA==</latexit>

Z(0)
<latexit sha1_base64="n+DvGonL6prpMOS5vU1+KFL42Do=">AAABq3icZU9LT8JAGPyKL8RX1aMHG+kBEiAtBzyZkHjhCJFXoIRs1y1u2O5utlsjNj36a7zqj/HfWLAXZA5fJvPNJDO+ZDTSjvNjFPb2Dw6Piselk9Oz8wvz8moYiVhhMsCCCTX2UUQY5WSgqWZkLBVBoc/IyF8+rv+jV6IiKnhfrySZhWjBaUAx0pk0N29tu2c9WF6gEE4mFaeaZrfuUR7oVTW17blZdhrOBtYucXNShhzduRl7zwLHIeEaMxRFU7cp9SxBSlPMSFry4ohIhJdoQZIQ6ReJ3kXN0guZCYyhLcO0786SQHBNON5Ovm2W10KKlVjPSrOe7v9Wu2TYbLitRqvXLLc7eeMi3MAdVMCFe2hDB7owAAwf8Alf8G3UjSdjYnh/1oKRZ65hCwb5BUjVcqc=</latexit>

Q =
Z(0)

Z(−∞)

🔥🧊

Given sampling oracle: Input: Output:
<latexit sha1_base64="8op0+zlwvO0mwGPcBkU/bKH+jrw=">AAABq3icZU+5TsNAFHwOVwiXgZICi7igCJHtIrSRaNIRRC4RB2u9vJhVdr2Wd40AyyVfQwsfw9+QBDchU43mkGbChDOlHefHqGxsbm3vVHdre/sHh0fm8clAySyl2KeSy3QUEoWcxdjXTHMcJSkSEXIchrObhT98wVQxGff0W4ITQaKYTRklei4F5rltjyxfMWH5InvM/VuBESmC3A9Rk8K2A7PuNJ0lrHXilqQOJbqBmflPkmYCY005UWrseome5CTVjHIsan6mMCF0RiLMBdHPCXmXDUtHyVzgnKwExj13kk9lrDGmq83X5fOGYDSVi1vFfKf7f9U6GXhNt9Vs3Xn1dqdcXIUzuIBLcOEa2tCBLvSBwgd8whd8G1fGvfFg+H/RilF2TmEFBv4CDgB0HQ==</latexit>

X ∼ µΩ
β

<latexit sha1_base64="t+Ye50PCZeZY7iYUqW8TLyFEhTA=">AAABpnicZU9NT8JAFHyLX4hfVW96aaQHDkhaDngl8cLJYEKBhDa4XR+4Ybu7abdGJCT+Gq/6d/w3FuwFmcPLZN5MMhNpwVPjuj+ktLO7t39QPqwcHZ+cnlnnF/1UZQlDnymhkmFEUxRcom+4ETjUCdI4EjiIZver/+AVk5Qr2TNzjWFMp5JPOKMml8bWleMEERpqB1zao9v8Tsy8bruh44ytqttw17C3iVeQKhTojq0seFYsi1EaJmiajrymNuGCJoYzgctKkKWoKZvRKS5ial40fVd120x1LghBNwyjnhcuJkoalGwz+bYeXY85S9Rq0TLv6f1vtU36zYbXarQem9V2p2hchmu4gRp4cAdt6EAXfGDwAZ/wBd+kRh6ITwZ/1hIpMpewAfL0C5M7cNg=</latexit>

β ∈ [−∞, 0]

RNC samplable for             [Liu, Yin 2025]
<latexit sha1_base64="Oq/u3DUv6dqTFZS4Y2rFBgwRFi0=">AAABt3icZY/LTsJQEIaneEO8VV26aaQLEwlpmwBxh5cFC00w4ZbQpjk9DnDCaU9pTw3a9CF8Grf6GL6NgN0g/+rPzP9PvvFCzmJpGD9KYWt7Z3evuF86ODw6PlFPz3qxSCKKXSq4iAYeiZGzALuSSY6DMELiexz73vR+ue+/YhQzEXTkW4iOT8YBGzFK5GLkqte6bkucy9WlYavz9OikjduGcVfLUvsBuSSazXGm1TJdd9WyUTVW0jaNmZsy5Gq7amK/CJr4GEjKSRwPTSuUTkoiySjHrGQnMYaETskYU5/ISUjeRUWT43Ax4JysBYYd00lHIpAY0PXmfMVe8RmNxPLFbMFp/qfaND2ratar9Wer3GzlxEW4gEu4AhMa0IQWtKELFD7gE77gW7lRXGWkTP6iBSXvnMOalNkvT/B3/A==</latexit>

∆ ≤ 5

Two parameters

For hardcore model:
<latexit sha1_base64="2sm8EtL2aR3eRtIpmmf1vepDTdo=">AAABl3icZU9Na8JAFHxrv6z9su2p9BJqDj2IJDnYU6lQKB4V/AINstk+dXGzu2Y3pa34O3ptf1b/TaPkYh14MMybgZlIC26s5/2Swt7+weFR8bh0cnp2flG+vOoZlSYMu0wJlQwialBwiV3LrcCBTpDGkcB+NH9e//tvmBiuZMd+aAxjOpV8whm1mRS67sJ5dGbZSdcdlytezdvA2SV+TiqQozUup6NXxdIYpWWCGjP0A23DJU0sZwJXpVFqUFM2p1NcxtTONP1UVcdOdSYIQbcMw44fLidKWpRsO/m+WVmNOUvUesIq6+n/b7VLekHNr9fq7aDSaOaNi3ALd3APPjxAA5rQgi4wWMAXfMMPuSFP5IXk3gLJM9ewBdL+AxzHaxQ=</latexit>

q = h = n

: upper bound for<latexit sha1_base64="18xWuY/DsB/MH2GspMFTK9jfLAU=">AAABj3icZY/NTsJAFIXv4B/iX9GlG2K7cEGalgXsDIkb3GFCgQQaMh0vdcK0M3amRiU8g1t9NN9GwG4qZ3Vy7jnJdyMluDae90Mqe/sHh0fV49rJ6dn5hVW/HGqZZwwDJoXMxhHVKHiKgeFG4FhlSJNI4Cha3G/uo1fMNJfpwLwrDBMap3zOGTXrKHCcF8eZWbbnels1do1fGBsK9WdWPn2SLE8wNUxQrSd+S5lwSTPDmcBVbZprVJQtaIzLhJpnRT9ks2FitQ6EoKXCZOCHy7lMDaasvHzbftdMOMvkBn215vT/U+2aYcv12277sWV3ewVxFa7hBm7Bhw50oQd9CIABh0/4gm9SJx1yR7p/1QopNldQEnn4BdI7aPQ=</latexit>q : upper bound for
<latexit sha1_base64="Wiohlptc0Dp79vtZWJok7aFTQpc=">AAABlnicZU/LTsJAFL2DL8QX6sbEDZEuMCGk7QJ3hsQYu6wJBRJKyHS44IRpZ9KZGrXhN9zqb/k3AnaDnNXJeSTnREpwbWz7h5R2dvf2D8qHlaPjk9Oz6vlFT8ssZRgwKWQ6iKhGwRMMDDcCBypFGkcC+9H8YeX3XzHVXCZd865wFNNZwqecUbOUQsvyGiGbSHNrWeNq3W7Za9S2iVOQOhTwx9UsnEiWxZgYJqjWQ8dVZpTT1HAmcFEJM42KsjmdYR5T86Loh2zWzEwtBSHoRmDYdUb5VCYGE7bZfFufbMacpXL1YLHc6fxftU16bstpt9rPbr3jFYvLcA030AAH7qADHvgQAAMFn/AF3+SK3JNH8vQXLZGicwkbIP4vZJ5raA==</latexit>

H(·)
<latexit sha1_base64="bi6v5FbHElHHF4kzdshZKh56wVo=">AAABj3icZY/NTsJAFIXv4B/iH+jSDZEuXJCmZQE7Q+IGd5hQIIGGTMdLmTDtTDpTozY8g1t9NN/Ggt1Uzurk3HOS7wZKcG0c54dUDg6Pjk+qp7Wz84vLq3rjeqxlmjD0mBQymQZUo+AxeoYbgVOVII0CgZNg/bi9T14x0VzGI/Ou0I9oGPMlZ9TkkWdZK8ta1FuO7ezU3DduYVpQaLiop/MXydIIY8ME1XrmdpTxM5oYzgRuavNUo6JsTUPMImpWin7IdtOEKg+EoKXCbOT62VLGBmNWXr7tvmtHnCVyi77JOd3/VPtm3LHdrt197rT6g4K4CrdwB/fgQg/6MIAheMCAwyd8wTdpkB55IP2/aoUUmxsoiTz9AsfKaOs=</latexit>

h
<latexit sha1_base64="uSZkZ1RhGiTg+vqHAaYp6BQFWp8=">AAABlHicZY9LT8JAFIXv4AvxhZq4cdNIFy4IabvAjQsSYsLKQMIrAiHT8VInTGcmnalRCf/Crf4v/40Fu0HO6uTcc5LvhlpwYz3vhxR2dvf2D4qHpaPjk9Oz8vlF36g0YdhjSqhkGFKDgkvsWW4FDnWCNA4FDsJ5c3UfvGJiuJJd+65xEtNI8hln1GbRk+uOhYqcjutOyxWv5q3lbBs/NxXI1Z6W0/GzYmmM0jJBjRn5gbaTBU0sZwKXpXFqUFM2pxEuYmpfNP1QVcdGOguEoBuFUdefLGZKWpRsc/m2frEac5aoFf8y4/T/U22bflDz67V6J6g0WjlxEa7hBm7BhztoQAva0AMGEj7hC77JFbknTfLwVy2QfHMJGyKPv3C0asQ=</latexit>

log Q

How many computational depth and oracle calls are needed? 

<latexit sha1_base64="+3gp0knyFFvLzr6FLYNQcBN9R5M=">AAABmHicZU/LTgIxFL3FF+ID1J1uJjILTAiZmQWuTEiMAXdoeCWApFMv2NCZNm3HqIT/cKt/5d8IOBvkrE7OIzknVIIb63k/JLO1vbO7l93PHRweHecLJ6cdIxPNsM2kkLoXUoOCx9i23ArsKY00CgV2w+nt0u++ojZcxi37rnAY0UnMx5xRu5CeXLfu3DilTtm5u3LdUaHoVbwVnE3ip6QIKZqjQjJ4liyJMLZMUGP6fqDscEa15UzgPDdIDCrKpnSCs4jaF0U/ZNmxE7UQhKBrgX7LH87GMrYYs/Xm2+pmOeJMy+WH+WKn/3/VJukEFb9aqT4ExVojXZyFC7iEEvhwDTVoQBPawEDDJ3zBNzknNVIn93/RDEk7Z7AG8vgL8ZVq2Q==</latexit>

G = (V, E)
<latexit sha1_base64="Ey63ztfnicQ7nMTcdgxee1zOxI0=">AAABlXicZU/LTsJAFL2DL8QHqAsXbhrpwgUhLQtckZBoDDsx4ZUUQqbjBSdMZyadqVGBz3Cr3+XfWLAb5KxOziM5J9SCG+t5PyS3s7u3f5A/LBwdn5wWS2fnPaOSmGGXKaHiQUgNCi6xa7kVONAx0igU2A9ndyu//4qx4Up27LvGUUSnkk84ozaVAtdd9BZOw5GuOy6Vvaq3hrNN/IyUIUN7XEqGz4olEUrLBDUm8GvajuY0tpwJXBaGiUFN2YxOcR5R+6Lph6o4dqpTQQi6EQg6/mg+UdKiZJvNt/XHSsRZrFYHlulO//+qbdKrVf16tf5UKzdb2eI8XME13IAPt9CEFrShCwwUfMIXfJNL0iD35OEvmiNZ5wI2QB5/AcgYavg=</latexit>

|V| = n
<latexit sha1_base64="eE3sET1iKjt6M9Xax5XeSOHjQS8=">AAABlXicZU/LTsJAFL2DL8QX6sKFm0a6cEGalgWuSEh8hJ2YUCCBhkzHC06YdiadqVGBz3Cr3+XfCNhN5axOziM5J1SCa+O6P6Swtb2zu1fcLx0cHh2flE/PulqmCUOfSSGTfkg1Ch6jb7gR2FcJ0igU2Auntyu/94qJ5jLumHeFQUQnMR9zRs1SGtj2/H5uNazItkfliuu4a1ibxMtIBTK0R+V0+CxZGmFsmKBaD7yaMsGMJoYzgYvSMNWoKJvSCc4ial4U/ZBVy0zUUhCC5gKDjhfMxjI2GLN88239sRpxlsjVgcVyp/d/1Sbp1hyv7tSfapVmK1tchEu4gmvw4Aaa0II2+MBAwid8wTe5IA1yRx7+ogWSdc4hB/L4C7LhauY=</latexit>

|E| = m



Our Results: Main Framework
Goal: approximate     within error <latexit sha1_base64="Kgv+g2cjxPXXiMzT7EVV7qeg5zI=">AAABm3icZU/LTgIxFL3FF+KDUZfGhMgsXBAywwK2JGyIcYEJAyRASKdesKHTNm2HqIQvcasf5d8IOBvkrE7OIzkn1oJbFwQ/JHdweHR8kj8tnJ1fXBa9q+ueValhGDEllBnE1KLgEiPHncCBNkiTWGA/nrc2fn+BxnIlu+5d4zihM8mnnFG3liZe0fdHC2pQWy6U9P2JVw6qwRalfRJmpAwZOhMvHb0oliYoHRPU2mFY0268pMZxJnBVGKUWNWVzOsNlQt2rph+qUnIzvRaEoDuBYTccL6dKOpRst/m2fVpJODNqc2O13hn+X7VPerVqWK/Wn2vlZjtbnIdbuIcHCKEBTWhDByJgkMInfME3uSMt8kie/qI5knVuYAck+gWf9G23</latexit>ε

<latexit sha1_base64="EboqfbYSLiofbefVj3LIJAL9JtU=">AAABj3icZY/NTsJAFIXv4B/iX9GlG2K7cEGalgXsDIkb3EFCgQQaMh0vdcK0M+lMjUp4Brf6aL6NgN1Uzurk3HOS70ZKcG0874dUDg6Pjk+qp7Wz84vLK6t+PdIyzxgGTAqZTSKqUfAUA8ONwInKkCaRwHG0fNzex6+YaS7ToXlXGCY0TvmCM2o2UeA4A8eZW7bnejs19o1fGBsK9edWPnuWLE8wNUxQrad+S5lwRTPDmcB1bZZrVJQtaYyrhJoXRT9ks2FitQmEoKXCdOiHq4VMDaasvHzbfddMOMvkFn294fT/U+2bUcv122570LK7vYK4CrdwB/fgQwe60IM+BMCAwyd8wTepkw55IN2/aoUUmxsoiTz9Aq0baNQ=</latexit>

Q
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Ours

<latexit sha1_base64="ouzDwNcv6OVAwJVEn8xNMynKezE=">AAABj3icZY/NTsJAFIXv4B/iD0WXbojtwgUhHRawMyRucIcJBRIgZDpecMK0M+lMjdrwDG710XwbAbupnNXJueck3w21FMb6/g8pHRweHZ+UTytn5xeXVad2NTQqTTgGXEmVjENmUIoYAyusxLFOkEWhxFG4etjeR6+YGKHigX3XOIvYMhYLwZndRIHnUc+bO67f9Heq7xuaGxdy9edOOn1WPI0wtlwyYya0pe0sY4kVXOK6Mk0NasZXbIlZxOyLZh+qUbdLvQmkZIXCZEBn2ULFFmNeXL7tvmtEgidqi77ecNL/VPtm2GrSdrP91HK7vZy4DDdwC3dAoQNd6EEfAuAg4BO+4JvUSIfck+5ftUTyzTUURB5/AYf7aLQ=</latexit>

1

<latexit sha1_base64="ouzDwNcv6OVAwJVEn8xNMynKezE=">AAABj3icZY/NTsJAFIXv4B/iD0WXbojtwgUhHRawMyRucIcJBRIgZDpecMK0M+lMjdrwDG710XwbAbupnNXJueck3w21FMb6/g8pHRweHZ+UTytn5xeXVad2NTQqTTgGXEmVjENmUIoYAyusxLFOkEWhxFG4etjeR6+YGKHigX3XOIvYMhYLwZndRIHnUc+bO67f9Heq7xuaGxdy9edOOn1WPI0wtlwyYya0pe0sY4kVXOK6Mk0NasZXbIlZxOyLZh+qUbdLvQmkZIXCZEBn2ULFFmNeXL7tvmtEgidqi77ecNL/VPtm2GrSdrP91HK7vZy4DDdwC3dAoQNd6EEfAuAg4BO+4JvUSIfck+5ftUTyzTUURB5/AYf7aLQ=</latexit>

1
<latexit sha1_base64="rBt30hKOgsreMf9WDNfTqy3Uq/0=">AAABj3icZY/NTsJAFIXv4B/iH+jSDbFduCCkxQR2pokb3GFCgQQaMh0vOGHamXSmRm14Brf6aL6NBbupnNXJueck3w2V4No4zg+p7O0fHB5Vj2snp2fnF/XG5UjLNGHoMylkMgmpRsFj9A03AicqQRqFAsfh6mFzH79iormMh+ZdYRDRZcwXnFGTR75t39n2vG45bWer5q5xC2NBocG8ns6eJUsjjA0TVOup21EmyGhiOBO4rs1SjYqyFV1iFlHzouiHbDXNUuWBELRUmA7dIFvI2GDMysu37XetiLNEbtDXOaf7n2rXjDptt9vuPnUsr18QV+EabuAWXOiBB30YgA8MOHzCF3yTBumRe+L9VSuk2FxBSeTxF4pNaLY=</latexit>

3

<latexit sha1_base64="TxlrcEc3x51/dc3huqeFqGBMojs=">AAABpHicZU9LT8JAGPwWX4ivqhcTL400BhOC3R7wSuKFg4kYKZDwynZZcMO2W7tbozb113jV/+O/sWAvyJwm80hmvFBwpW37BxU2Nre2d4q7pb39g8Mj4/iko2QcUeZSKWTU84higgfM1VwL1gsjRnxPsK43v1343RcWKS6Dtn4L2dAns4BPOSU6k8bGmWUNNBcTltynledRgs1r00mvLGtslO2avYS5TnBOypCjNTbiwUTS2GeBpoIo1cdOqIcJiTSngqWlQaxYSOiczFjiE/0UkndZNfUszAQhyEqg38bDZCoDzQK62nxdXq76nEZy8SfNduL/q9ZJx6nheq3+4JQbzXxxEc7hAiqA4QYa0IQWuEDhAz7hC77RJbpDj8j9ixZQ3jmFFaDRL3AUcBE=</latexit>

Õ(q1/2)

<latexit sha1_base64="ITVMl7yIzu121tCLPlDzJF7/QiE=">AAABnHicZU/LTsJAFL2DL8QHVZcmhkgXmBDSssAtiS5IjBETKCRAyHS44IRpZ+xMidrwJ271n/wbC3aDnNXJeSTn+EpwbRznh+R2dvf2D/KHhaPjk9OidXbuaRlHDLtMChn1fapR8BC7hhuBfRUhDXyBPX9+t/J7C4w0l2HHvCscBXQW8iln1KTS2LJse2i4mGDytKy83tj22Co7NWeN0jZxM1KGDO2xFQ8nksUBhoYJqvXArSszSmhkOBO4LAxjjYqyOZ1hElDzouiHrJbMTKWCEHQjMOi4o2QqQ4Mh22y+ra9WA84iufqxTHe6/1dtE69ecxu1xnO93Gxli/NwCddQARduoQktaEMXGCzgE77gm1yRe/JAHv+iOZJ1LmADxPsFmlhtmQ==</latexit>

Õ(q)
<latexit sha1_base64="jhZbymvS3Aqy3PdeDIWHlqVXz/g=">AAABrHicZU9LT8JAGPyKL8RX1aOXRnrABJu2B7ySeOEmJrwSWsl2XcqGbXfd3RK16dVf41X/i/9GwF6QOU3mkcxEglGlXffHqOzs7u0fVA9rR8cnp2fm+cVA8Uxi0seccTmKkCKMpqSvqWZkJCRBScTIMJrfr/zhgkhFedrTb4KECYpTOqUY6aU0MS3bfmi8WMECSSIUZTx9ym/9wgoYj63ZjW1PzLrruGtY28QrSR1KdCdmFjxznCUk1ZghpcaeL3SYI6kpZqSoBZkiAuE5ikmeID0T6J03LR2LpcAY2giMe16YT3mqSYo3m6/r682EYslXv4rlTu//qm0y8B2v5bQe/Xq7Uy6uwhVcQwM8uIM2dKALfcDwAZ/wBd+GY/SMsRH+RStG2bmEDRjTX4ecc40=</latexit>

O(qε−2 log h)

<latexit sha1_base64="gagga6cOtFPotfRA6F4muP+rOKM=">AAABrnicZU9LT8JAGPyKL8RX1aOXBnrABEnbA15JvHATE14JLc12XcqG7e7a3RK14e6v8ap/xX8jYC/InCbzSGYiyajSjvNjlPb2Dw6PyseVk9Oz8wvz8mqgRJZi0seCiXQUIUUY5aSvqWZkJFOCkoiRYTR/WPvDBUkVFbyn3yQJEhRzOqUY6ZUUmlXbfqy/TDzLX6CUSEWZ4JP8zltaPhOxNbu17dCsOU1nA2uXuAWpQYFuaGb+s8BZQrjGDCk1dj2pgxylmmJGlhU/U0QiPEcxyROkZxK9i4alY7kSGENbgXHPDfKp4JpwvN183ZxvJBSnYv1sudrp/l+1SwZe0201W09erd0pFpfhBqpQBxfuoQ0d6EIfMHzAJ3zBt+EYAyMwwr9oySg617AFY/YLiVN0MQ==</latexit>

O(q2ε−2 log h)

<latexit sha1_base64="pj2oRPr9N7aMO7nABqidxappcJc=">AAABwHicZVDNTsJAGPyKf4h/VY9eGukBEiS0MXgleuEmJiAkFMl2XcqG7e7S3RKg6Yv4NF71DXwbAXtB5jSZbyaZ+XzJqNK12o+R29s/ODzKHxdOTs/OL8zLq1cl4giTDhZMRD0fKcIoJx1NNSM9GREU+ox0/cnT+t6dkUhRwdt6IckgRAGnI4qRXklD8962n0tTy5uhiEhFmeBvyZ2bWp4mc81FFCKWSMEWTARpaVqxxuWybQ/NYq1a28DaJU5GipChNTRj713gOCRcY4aU6juu1IMERZpiRtKCFysiEZ6ggCQh0mOJlqJi6UCuBMbQlqHfdgbJSHBNON5OzjfvqIQUR2K9NV31dP632iWvbtWpV+svbrHRzBrn4QZuoQQOPEADmtCCDmD4gE/4gm/j0Rgbwpj+WXNGlrmGLRjLX9DofE0=</latexit>

O(qε−2polylog(q, h))

<latexit sha1_base64="jhZbymvS3Aqy3PdeDIWHlqVXz/g=">AAABrHicZU9LT8JAGPyKL8RX1aOXRnrABJu2B7ySeOEmJrwSWsl2XcqGbXfd3RK16dVf41X/i/9GwF6QOU3mkcxEglGlXffHqOzs7u0fVA9rR8cnp2fm+cVA8Uxi0seccTmKkCKMpqSvqWZkJCRBScTIMJrfr/zhgkhFedrTb4KECYpTOqUY6aU0MS3bfmi8WMECSSIUZTx9ym/9wgoYj63ZjW1PzLrruGtY28QrSR1KdCdmFjxznCUk1ZghpcaeL3SYI6kpZqSoBZkiAuE5ikmeID0T6J03LR2LpcAY2giMe16YT3mqSYo3m6/r682EYslXv4rlTu//qm0y8B2v5bQe/Xq7Uy6uwhVcQwM8uIM2dKALfcDwAZ/wBd+GY/SMsRH+RStG2bmEDRjTX4ecc40=</latexit>

O(qε−2 log h)

<latexit sha1_base64="rFGhKlEtYQFOreX4H/Hh7SoeGx0=">AAABrnicZU9LT8JAGPyKL8RX1aOXBnrABEnbA15JvHATE14JLc12XcqG7e7a3RK14e6v8ap/xX8jYC/InCbzSGYiyajSjvNjlPb2Dw6PyseVk9Oz8wvz8mqgRJZi0seCiXQUIUUY5aSvqWZkJFOCkoiRYTR/WPvDBUkVFbyn3yQJEhRzOqUY6ZUUmlXbfqy/WP4CpUQqygSf5Hfe0vKZiCeeNbu17dCsOU1nA2uXuAWpQYFuaGb+s8BZQrjGDCk1dj2pgxylmmJGlhU/U0QiPEcxyROkZxK9i4alY7kSGENbgXHPDfKp4JpwvN183ZxvJBSnYv1sudrp/l+1SwZe0201W09erd0pFpfhBqpQBxfuoQ0d6EIfMHzAJ3zBt+EYAyMwwr9oySg617AFY/YLjVd0MQ==</latexit>

O(qε−2 log2
h)

[Harris, Kolmogorov24]:                 lower bound for number of oracle calls 
<latexit sha1_base64="EnvWIdZmUp2tnm4c4rG2am+FoVw=">AAABqnicZU/LTsJAFL3FF+KDqksTQ6QLTJC0XeCWxA070fAyFMl0uNQJ087YmRK1YefXuNWf8W8E7AY5q5PzSM7xJWdK2/aPkdva3tndy+8XDg6PjovmyWlXiSSm2KGCi7jvE4WcRdjRTHPsyxhJ6HPs+dPbpd+bYayYiNr6TeIwJEHEJowSvZBG5oVleXchBqTyUvJmJEapGBfRU3rtzq8sa2SW7Zq9QmmTOBkpQ4bWyEy8saBJiJGmnCg1cFyphymJNaMc5wUvUSgJnZIA05DoZ0neRbWkA7kQOCdrgUHbGaYTEWmM6HrzdXW8GjIai+Wr+WKn83/VJum6Nadeq9+75UYzW5yHc7iECjhwAw1oQgs6QOEDPuELvo2q8WA8GoO/aM7IOmewBmP8C9Dicyk=</latexit>

Ω(qε−2)

: upper bound for
<latexit sha1_base64="6E8aqUQxwDNi3CrRv9DN8dwZODE=">AAABlHicZY9LT8JAFIXv4AvxhZq4cdNIFy4IabvAjQsSNHFlIOEVgZDpeKkTpjOTztSoDf/Crf4v/42A3SBndXLuOcl3Qy24sZ73Qwpb2zu7e8X90sHh0fFJ+fSsZ1SaMOwyJVQyCKlBwSV2LbcCBzpBGocC++Gsubz3XzExXMmOfdc4jmkk+ZQzahfRk+uOhIqctutOyhWv5q3kbBo/NxXI1ZqU09GzYmmM0jJBjRn6gbbjjCaWM4Hz0ig1qCmb0QizmNoXTT9U1bGRXgRC0LXCsOOPs6mSFiVbX76tXqzGnCVqyT9fcPr/qTZNL6j59Vq9HVQadzlxES7hCq7BhxtowAO0oAsMJHzCF3yTC3JLmuT+r1og+eYc1kQefwFvgGrA</latexit>

log Q<latexit sha1_base64="ukj++LMp3OVdxk2Fmy4wl3C3x30=">AAABj3icZY/NTsJAFIXv4B/iX9GlG2K7cEFIywJ2hkQXusOEAgk0ZDpecMK0M3amRm14Brf6aL6NBbupnNXJueck3w2V4Nq47g+p7Ozu7R9UD2tHxyenZ1b9fKhlmjD0mRQyGYdUo+Ax+oYbgWOVII1CgaNwebu+j14x0VzGA/OuMIjoIuZzzqjJI99xXhxnZtluy92osW28wthQqD+z0umTZGmEsWGCaj3x2soEGU0MZwJXtWmqUVG2pAvMImqeFf2QzYZZqDwQgpYKk4EXZHMZG4xZefm2+a4ZcZbINfoq5/T+U22bYbvldVqdx7bduyuIq3AJV3ANHnShB/fQBx8YcPiEL/gmddIlN6T3V62QYnMBJZGHX9EHaPA=</latexit>q
: upper bound for

<latexit sha1_base64="IMlEPcMrgLpuMQ0CIHHOMxIvuyw=">AAABj3icZY/NTsJAFIXv4B/iH+jSDbFduCCkZQE700QXusOEAgk0ZDpeyoRpZ9KZGpXwDG710XwbC3ZTOauTc89JvhsqwbVxnB9S2ds/ODyqHtdOTs/OL+qNy6GWWcrQZ1LIdBxSjYIn6BtuBI5VijQOBY7C5f3mPnrFVHOZDMy7wiCmUcLnnFGTR75tL2x7VrectrNVc9e4hbGgUH9Wz6YvkmUxJoYJqvXE7SgTrGhqOBO4rk0zjYqyJY1wFVOzUPRDtpomUnkgBC0VJgM3WM1lYjBh5eXb9rtWzFkqN+jrnNP9T7Vrhp222213nzuW91AQV+EabuAWXOiBB4/QBx8YcPiEL/gmDdIjd8T7q1ZIsbmCksjTL8aWaOc=</latexit>

h
<latexit sha1_base64="i26lGS7OkM9GgB+BV2BJmpfb9HE=">AAABlnicZU/LTsJAFL2DL8QHqBsTN8R2gQlpWha4MyRqZIkJr4Q2ZDpc6oRpZ9KZGpXwG271t/wbAbtBzurkPJJzQiW4Nq77Qwo7u3v7B8XD0tHxyWm5cnbe1zJLGfaYFDIdhlSj4An2DDcChypFGocCB+HsfuUPXjHVXCZd864wiGmU8Cln1Cwl37bbNZ9NpLmx7XHFch13jeo28XJiQY7OuJL5E8myGBPDBNV65DWUCeY0NZwJXJT8TKOibEYjnMfUvCj6IetVE6mlIATdCIy6XjCfysRgwjabb+uT9ZizVK4eLJY7vf+rtkm/4XhNp/ncsFoP+eIiXME11MCDW2hBGzrQAwYKPuELvskluSOP5OkvWiB55wI2QDq/Y2prZA==</latexit>

H(·)
<latexit sha1_base64="DvCwD7sFqBfzZhDEGiPlS83h0WE=">AAABl3icZU9NT8JAFHyLX4hfqCfjpZEePBDScsCTkURjOELCVwIN2a4P2LDdXbpboxJ+h1f9Wf4bC/aCTPKSybyZZCbUghvreT8kt7O7t3+QPywcHZ+cnhXPL7pGJTHDDlNCxf2QGhRcYsdyK7CvY6RRKLAXzh5X/94rxoYr2bbvGoOITiQfc0ZtKgWuO3funWl60nVHxZJX8dZwtomfkRJkaI6KyfBFsSRCaZmgxgz8qrbBgsaWM4HLwjAxqCmb0QkuImqnmn6osmMnOhWEoBuGQdsPFmMlLUq2mXxbryxHnMVqNWGZ9vT/t9om3WrFr1VqrWqp/pQ1zsM13MAt+HAHdWhAEzrAYA6f8AXf5Io8kGfS+LPmSJa5hA2Q1i8bk2sQ</latexit>

q = h = n for hardcore



Our Results: Main Framework
Goal: approximate     within error <latexit sha1_base64="Kgv+g2cjxPXXiMzT7EVV7qeg5zI=">AAABm3icZU/LTgIxFL3FF+KDUZfGhMgsXBAywwK2JGyIcYEJAyRASKdesKHTNm2HqIQvcasf5d8IOBvkrE7OIzkn1oJbFwQ/JHdweHR8kj8tnJ1fXBa9q+ueValhGDEllBnE1KLgEiPHncCBNkiTWGA/nrc2fn+BxnIlu+5d4zihM8mnnFG3liZe0fdHC2pQWy6U9P2JVw6qwRalfRJmpAwZOhMvHb0oliYoHRPU2mFY0268pMZxJnBVGKUWNWVzOsNlQt2rph+qUnIzvRaEoDuBYTccL6dKOpRst/m2fVpJODNqc2O13hn+X7VPerVqWK/Wn2vlZjtbnIdbuIcHCKEBTWhDByJgkMInfME3uSMt8kie/qI5knVuYAck+gWf9G23</latexit>ε

<latexit sha1_base64="EboqfbYSLiofbefVj3LIJAL9JtU=">AAABj3icZY/NTsJAFIXv4B/iX9GlG2K7cEGalgXsDIkb3EFCgQQaMh0vdcK0M+lMjUp4Brf6aL6NgN1Uzurk3HOS70ZKcG0874dUDg6Pjk+qp7Wz84vLK6t+PdIyzxgGTAqZTSKqUfAUA8ONwInKkCaRwHG0fNzex6+YaS7ToXlXGCY0TvmCM2o2UeA4A8eZW7bnejs19o1fGBsK9edWPnuWLE8wNUxQrad+S5lwRTPDmcB1bZZrVJQtaYyrhJoXRT9ks2FitQmEoKXCdOiHq4VMDaasvHzbfddMOMvkFn294fT/U+2bUcv122570LK7vYK4CrdwB/fgQwe60IM+BMCAwyd8wTepkw55IN2/aoUUmxsoiTz9Aq0baNQ=</latexit>

Q
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Ours

<latexit sha1_base64="ouzDwNcv6OVAwJVEn8xNMynKezE=">AAABj3icZY/NTsJAFIXv4B/iD0WXbojtwgUhHRawMyRucIcJBRIgZDpecMK0M+lMjdrwDG710XwbAbupnNXJueck3w21FMb6/g8pHRweHZ+UTytn5xeXVad2NTQqTTgGXEmVjENmUIoYAyusxLFOkEWhxFG4etjeR6+YGKHigX3XOIvYMhYLwZndRIHnUc+bO67f9Heq7xuaGxdy9edOOn1WPI0wtlwyYya0pe0sY4kVXOK6Mk0NasZXbIlZxOyLZh+qUbdLvQmkZIXCZEBn2ULFFmNeXL7tvmtEgidqi77ecNL/VPtm2GrSdrP91HK7vZy4DDdwC3dAoQNd6EEfAuAg4BO+4JvUSIfck+5ftUTyzTUURB5/AYf7aLQ=</latexit>

1

<latexit sha1_base64="ouzDwNcv6OVAwJVEn8xNMynKezE=">AAABj3icZY/NTsJAFIXv4B/iD0WXbojtwgUhHRawMyRucIcJBRIgZDpecMK0M+lMjdrwDG710XwbAbupnNXJueck3w21FMb6/g8pHRweHZ+UTytn5xeXVad2NTQqTTgGXEmVjENmUIoYAyusxLFOkEWhxFG4etjeR6+YGKHigX3XOIvYMhYLwZndRIHnUc+bO67f9Heq7xuaGxdy9edOOn1WPI0wtlwyYya0pe0sY4kVXOK6Mk0NasZXbIlZxOyLZh+qUbdLvQmkZIXCZEBn2ULFFmNeXL7tvmtEgidqi77ecNL/VPtm2GrSdrP91HK7vZy4DDdwC3dAoQNd6EEfAuAg4BO+4JvUSIfck+5ftUTyzTUURB5/AYf7aLQ=</latexit>

1
<latexit sha1_base64="rBt30hKOgsreMf9WDNfTqy3Uq/0=">AAABj3icZY/NTsJAFIXv4B/iH+jSDbFduCCkxQR2pokb3GFCgQQaMh0vOGHamXSmRm14Brf6aL6NBbupnNXJueck3w2V4No4zg+p7O0fHB5Vj2snp2fnF/XG5UjLNGHoMylkMgmpRsFj9A03AicqQRqFAsfh6mFzH79iormMh+ZdYRDRZcwXnFGTR75t39n2vG45bWer5q5xC2NBocG8ns6eJUsjjA0TVOup21EmyGhiOBO4rs1SjYqyFV1iFlHzouiHbDXNUuWBELRUmA7dIFvI2GDMysu37XetiLNEbtDXOaf7n2rXjDptt9vuPnUsr18QV+EabuAWXOiBB30YgA8MOHzCF3yTBumRe+L9VSuk2FxBSeTxF4pNaLY=</latexit>

3

<latexit sha1_base64="TxlrcEc3x51/dc3huqeFqGBMojs=">AAABpHicZU9LT8JAGPwWX4ivqhcTL400BhOC3R7wSuKFg4kYKZDwynZZcMO2W7tbozb113jV/+O/sWAvyJwm80hmvFBwpW37BxU2Nre2d4q7pb39g8Mj4/iko2QcUeZSKWTU84higgfM1VwL1gsjRnxPsK43v1343RcWKS6Dtn4L2dAns4BPOSU6k8bGmWUNNBcTltynledRgs1r00mvLGtslO2avYS5TnBOypCjNTbiwUTS2GeBpoIo1cdOqIcJiTSngqWlQaxYSOiczFjiE/0UkndZNfUszAQhyEqg38bDZCoDzQK62nxdXq76nEZy8SfNduL/q9ZJx6nheq3+4JQbzXxxEc7hAiqA4QYa0IQWuEDhAz7hC77RJbpDj8j9ixZQ3jmFFaDRL3AUcBE=</latexit>

Õ(q1/2)

<latexit sha1_base64="ITVMl7yIzu121tCLPlDzJF7/QiE=">AAABnHicZU/LTsJAFL2DL8QHVZcmhkgXmBDSssAtiS5IjBETKCRAyHS44IRpZ+xMidrwJ271n/wbC3aDnNXJeSTn+EpwbRznh+R2dvf2D/KHhaPjk9OidXbuaRlHDLtMChn1fapR8BC7hhuBfRUhDXyBPX9+t/J7C4w0l2HHvCscBXQW8iln1KTS2LJse2i4mGDytKy83tj22Co7NWeN0jZxM1KGDO2xFQ8nksUBhoYJqvXArSszSmhkOBO4LAxjjYqyOZ1hElDzouiHrJbMTKWCEHQjMOi4o2QqQ4Mh22y+ra9WA84iufqxTHe6/1dtE69ecxu1xnO93Gxli/NwCddQARduoQktaEMXGCzgE77gm1yRe/JAHv+iOZJ1LmADxPsFmlhtmQ==</latexit>

Õ(q)
<latexit sha1_base64="jhZbymvS3Aqy3PdeDIWHlqVXz/g=">AAABrHicZU9LT8JAGPyKL8RX1aOXRnrABJu2B7ySeOEmJrwSWsl2XcqGbXfd3RK16dVf41X/i/9GwF6QOU3mkcxEglGlXffHqOzs7u0fVA9rR8cnp2fm+cVA8Uxi0seccTmKkCKMpqSvqWZkJCRBScTIMJrfr/zhgkhFedrTb4KECYpTOqUY6aU0MS3bfmi8WMECSSIUZTx9ym/9wgoYj63ZjW1PzLrruGtY28QrSR1KdCdmFjxznCUk1ZghpcaeL3SYI6kpZqSoBZkiAuE5ikmeID0T6J03LR2LpcAY2giMe16YT3mqSYo3m6/r682EYslXv4rlTu//qm0y8B2v5bQe/Xq7Uy6uwhVcQwM8uIM2dKALfcDwAZ/wBd+GY/SMsRH+RStG2bmEDRjTX4ecc40=</latexit>

O(qε−2 log h)

<latexit sha1_base64="gagga6cOtFPotfRA6F4muP+rOKM=">AAABrnicZU9LT8JAGPyKL8RX1aOXBnrABEnbA15JvHATE14JLc12XcqG7e7a3RK14e6v8ap/xX8jYC/InCbzSGYiyajSjvNjlPb2Dw6PyseVk9Oz8wvz8mqgRJZi0seCiXQUIUUY5aSvqWZkJFOCkoiRYTR/WPvDBUkVFbyn3yQJEhRzOqUY6ZUUmlXbfqy/TDzLX6CUSEWZ4JP8zltaPhOxNbu17dCsOU1nA2uXuAWpQYFuaGb+s8BZQrjGDCk1dj2pgxylmmJGlhU/U0QiPEcxyROkZxK9i4alY7kSGENbgXHPDfKp4JpwvN183ZxvJBSnYv1sudrp/l+1SwZe0201W09erd0pFpfhBqpQBxfuoQ0d6EIfMHzAJ3zBt+EYAyMwwr9oySg617AFY/YLiVN0MQ==</latexit>

O(q2ε−2 log h)

<latexit sha1_base64="pj2oRPr9N7aMO7nABqidxappcJc=">AAABwHicZVDNTsJAGPyKf4h/VY9eGukBEiS0MXgleuEmJiAkFMl2XcqG7e7S3RKg6Yv4NF71DXwbAXtB5jSZbyaZ+XzJqNK12o+R29s/ODzKHxdOTs/OL8zLq1cl4giTDhZMRD0fKcIoJx1NNSM9GREU+ox0/cnT+t6dkUhRwdt6IckgRAGnI4qRXklD8962n0tTy5uhiEhFmeBvyZ2bWp4mc81FFCKWSMEWTARpaVqxxuWybQ/NYq1a28DaJU5GipChNTRj713gOCRcY4aU6juu1IMERZpiRtKCFysiEZ6ggCQh0mOJlqJi6UCuBMbQlqHfdgbJSHBNON5OzjfvqIQUR2K9NV31dP632iWvbtWpV+svbrHRzBrn4QZuoQQOPEADmtCCDmD4gE/4gm/j0Rgbwpj+WXNGlrmGLRjLX9DofE0=</latexit>

O(qε−2polylog(q, h))

<latexit sha1_base64="jhZbymvS3Aqy3PdeDIWHlqVXz/g=">AAABrHicZU9LT8JAGPyKL8RX1aOXRnrABJu2B7ySeOEmJrwSWsl2XcqGbXfd3RK16dVf41X/i/9GwF6QOU3mkcxEglGlXffHqOzs7u0fVA9rR8cnp2fm+cVA8Uxi0seccTmKkCKMpqSvqWZkJCRBScTIMJrfr/zhgkhFedrTb4KECYpTOqUY6aU0MS3bfmi8WMECSSIUZTx9ym/9wgoYj63ZjW1PzLrruGtY28QrSR1KdCdmFjxznCUk1ZghpcaeL3SYI6kpZqSoBZkiAuE5ikmeID0T6J03LR2LpcAY2giMe16YT3mqSYo3m6/r682EYslXv4rlTu//qm0y8B2v5bQe/Xq7Uy6uwhVcQwM8uIM2dKALfcDwAZ/wBd+GY/SMsRH+RStG2bmEDRjTX4ecc40=</latexit>

O(qε−2 log h)

<latexit sha1_base64="rFGhKlEtYQFOreX4H/Hh7SoeGx0=">AAABrnicZU9LT8JAGPyKL8RX1aOXBnrABEnbA15JvHATE14JLc12XcqG7e7a3RK14e6v8ap/xX8jYC/InCbzSGYiyajSjvNjlPb2Dw6PyseVk9Oz8wvz8mqgRJZi0seCiXQUIUUY5aSvqWZkJFOCkoiRYTR/WPvDBUkVFbyn3yQJEhRzOqUY6ZUUmlXbfqy/WP4CpUQqygSf5Hfe0vKZiCeeNbu17dCsOU1nA2uXuAWpQYFuaGb+s8BZQrjGDCk1dj2pgxylmmJGlhU/U0QiPEcxyROkZxK9i4alY7kSGENbgXHPDfKp4JpwvN183ZxvJBSnYv1sudrp/l+1SwZe0201W09erd0pFpfhBqpQBxfuoQ0d6EIfMHzAJ3zBt+EYAyMwwr9oySg617AFY/YLjVd0MQ==</latexit>

O(qε−2 log2
h)

RNC

RNC

[Harris, Kolmogorov24]:                 lower bound for number of oracle calls 
<latexit sha1_base64="EnvWIdZmUp2tnm4c4rG2am+FoVw=">AAABqnicZU/LTsJAFL3FF+KDqksTQ6QLTJC0XeCWxA070fAyFMl0uNQJ087YmRK1YefXuNWf8W8E7AY5q5PzSM7xJWdK2/aPkdva3tndy+8XDg6PjovmyWlXiSSm2KGCi7jvE4WcRdjRTHPsyxhJ6HPs+dPbpd+bYayYiNr6TeIwJEHEJowSvZBG5oVleXchBqTyUvJmJEapGBfRU3rtzq8sa2SW7Zq9QmmTOBkpQ4bWyEy8saBJiJGmnCg1cFyphymJNaMc5wUvUSgJnZIA05DoZ0neRbWkA7kQOCdrgUHbGaYTEWmM6HrzdXW8GjIai+Wr+WKn83/VJum6Nadeq9+75UYzW5yHc7iECjhwAw1oQgs6QOEDPuELvo2q8WA8GoO/aM7IOmewBmP8C9Dicyk=</latexit>

Ω(qε−2)

: upper bound for
<latexit sha1_base64="6E8aqUQxwDNi3CrRv9DN8dwZODE=">AAABlHicZY9LT8JAFIXv4AvxhZq4cdNIFy4IabvAjQsSNHFlIOEVgZDpeKkTpjOTztSoDf/Crf4v/42A3SBndXLuOcl3Qy24sZ73Qwpb2zu7e8X90sHh0fFJ+fSsZ1SaMOwyJVQyCKlBwSV2LbcCBzpBGocC++Gsubz3XzExXMmOfdc4jmkk+ZQzahfRk+uOhIqctutOyhWv5q3kbBo/NxXI1ZqU09GzYmmM0jJBjRn6gbbjjCaWM4Hz0ig1qCmb0QizmNoXTT9U1bGRXgRC0LXCsOOPs6mSFiVbX76tXqzGnCVqyT9fcPr/qTZNL6j59Vq9HVQadzlxES7hCq7BhxtowAO0oAsMJHzCF3yTC3JLmuT+r1og+eYc1kQefwFvgGrA</latexit>

log Q<latexit sha1_base64="ukj++LMp3OVdxk2Fmy4wl3C3x30=">AAABj3icZY/NTsJAFIXv4B/iX9GlG2K7cEFIywJ2hkQXusOEAgk0ZDpecMK0M3amRm14Brf6aL6NBbupnNXJueck3w2V4Nq47g+p7Ozu7R9UD2tHxyenZ1b9fKhlmjD0mRQyGYdUo+Ax+oYbgWOVII1CgaNwebu+j14x0VzGA/OuMIjoIuZzzqjJI99xXhxnZtluy92osW28wthQqD+z0umTZGmEsWGCaj3x2soEGU0MZwJXtWmqUVG2pAvMImqeFf2QzYZZqDwQgpYKk4EXZHMZG4xZefm2+a4ZcZbINfoq5/T+U22bYbvldVqdx7bduyuIq3AJV3ANHnShB/fQBx8YcPiEL/gmddIlN6T3V62QYnMBJZGHX9EHaPA=</latexit>q
: upper bound for

<latexit sha1_base64="IMlEPcMrgLpuMQ0CIHHOMxIvuyw=">AAABj3icZY/NTsJAFIXv4B/iH+jSDbFduCCkZQE700QXusOEAgk0ZDpeyoRpZ9KZGpXwDG710XwbC3ZTOauTc89JvhsqwbVxnB9S2ds/ODyqHtdOTs/OL+qNy6GWWcrQZ1LIdBxSjYIn6BtuBI5VijQOBY7C5f3mPnrFVHOZDMy7wiCmUcLnnFGTR75tL2x7VrectrNVc9e4hbGgUH9Wz6YvkmUxJoYJqvXE7SgTrGhqOBO4rk0zjYqyJY1wFVOzUPRDtpomUnkgBC0VJgM3WM1lYjBh5eXb9rtWzFkqN+jrnNP9T7Vrhp222213nzuW91AQV+EabuAWXOiBB4/QBx8YcPiEL/gmDdIjd8T7q1ZIsbmCksjTL8aWaOc=</latexit>

h
<latexit sha1_base64="i26lGS7OkM9GgB+BV2BJmpfb9HE=">AAABlnicZU/LTsJAFL2DL8QHqBsTN8R2gQlpWha4MyRqZIkJr4Q2ZDpc6oRpZ9KZGpXwG271t/wbAbtBzurkPJJzQiW4Nq77Qwo7u3v7B8XD0tHxyWm5cnbe1zJLGfaYFDIdhlSj4An2DDcChypFGocCB+HsfuUPXjHVXCZd864wiGmU8Cln1Cwl37bbNZ9NpLmx7XHFch13jeo28XJiQY7OuJL5E8myGBPDBNV65DWUCeY0NZwJXJT8TKOibEYjnMfUvCj6IetVE6mlIATdCIy6XjCfysRgwjabb+uT9ZizVK4eLJY7vf+rtkm/4XhNp/ncsFoP+eIiXME11MCDW2hBGzrQAwYKPuELvskluSOP5OkvWiB55wI2QDq/Y2prZA==</latexit>

H(·)
<latexit sha1_base64="DvCwD7sFqBfzZhDEGiPlS83h0WE=">AAABl3icZU9NT8JAFHyLX4hfqCfjpZEePBDScsCTkURjOELCVwIN2a4P2LDdXbpboxJ+h1f9Wf4bC/aCTPKSybyZZCbUghvreT8kt7O7t3+QPywcHZ+cnhXPL7pGJTHDDlNCxf2QGhRcYsdyK7CvY6RRKLAXzh5X/94rxoYr2bbvGoOITiQfc0ZtKgWuO3funWl60nVHxZJX8dZwtomfkRJkaI6KyfBFsSRCaZmgxgz8qrbBgsaWM4HLwjAxqCmb0QkuImqnmn6osmMnOhWEoBuGQdsPFmMlLUq2mXxbryxHnMVqNWGZ9vT/t9om3WrFr1VqrWqp/pQ1zsM13MAt+HAHdWhAEzrAYA6f8AXf5Io8kGfS+LPmSJa5hA2Q1i8bk2sQ</latexit>

q = h = n for hardcore



Our Results: Main Framework
Goal: approximate     within error <latexit sha1_base64="Kgv+g2cjxPXXiMzT7EVV7qeg5zI=">AAABm3icZU/LTgIxFL3FF+KDUZfGhMgsXBAywwK2JGyIcYEJAyRASKdesKHTNm2HqIQvcasf5d8IOBvkrE7OIzkn1oJbFwQ/JHdweHR8kj8tnJ1fXBa9q+ueValhGDEllBnE1KLgEiPHncCBNkiTWGA/nrc2fn+BxnIlu+5d4zihM8mnnFG3liZe0fdHC2pQWy6U9P2JVw6qwRalfRJmpAwZOhMvHb0oliYoHRPU2mFY0268pMZxJnBVGKUWNWVzOsNlQt2rph+qUnIzvRaEoDuBYTccL6dKOpRst/m2fVpJODNqc2O13hn+X7VPerVqWK/Wn2vlZjtbnIdbuIcHCKEBTWhDByJgkMInfME3uSMt8kie/qI5knVuYAck+gWf9G23</latexit>ε

<latexit sha1_base64="EboqfbYSLiofbefVj3LIJAL9JtU=">AAABj3icZY/NTsJAFIXv4B/iX9GlG2K7cEGalgXsDIkb3EFCgQQaMh0vdcK0M+lMjUp4Brf6aL6NgN1Uzurk3HOS70ZKcG0874dUDg6Pjk+qp7Wz84vLK6t+PdIyzxgGTAqZTSKqUfAUA8ONwInKkCaRwHG0fNzex6+YaS7ToXlXGCY0TvmCM2o2UeA4A8eZW7bnejs19o1fGBsK9edWPnuWLE8wNUxQrad+S5lwRTPDmcB1bZZrVJQtaYyrhJoXRT9ks2FitQmEoKXCdOiHq4VMDaasvHzbfddMOMvkFn294fT/U+2bUcv122570LK7vYK4CrdwB/fgQwe60IM+BMCAwyd8wTepkw55IN2/aoUUmxsoiTz9Aq0baNQ=</latexit>

Q

Results Sampling Rounds Orale Calls

[Dyer, Frieze, Kannan 1991]
[Bezáková, Štefankovič, Vazinari, Vigoda 2008]

[Štefankovič, Vempala, Vigoda 2006]

[Huber 2015], [Kolmogorov 2018],
[Harris, Kolmogorov 2024]

Ours

<latexit sha1_base64="ouzDwNcv6OVAwJVEn8xNMynKezE=">AAABj3icZY/NTsJAFIXv4B/iD0WXbojtwgUhHRawMyRucIcJBRIgZDpecMK0M+lMjdrwDG710XwbAbupnNXJueck3w21FMb6/g8pHRweHZ+UTytn5xeXVad2NTQqTTgGXEmVjENmUIoYAyusxLFOkEWhxFG4etjeR6+YGKHigX3XOIvYMhYLwZndRIHnUc+bO67f9Heq7xuaGxdy9edOOn1WPI0wtlwyYya0pe0sY4kVXOK6Mk0NasZXbIlZxOyLZh+qUbdLvQmkZIXCZEBn2ULFFmNeXL7tvmtEgidqi77ecNL/VPtm2GrSdrP91HK7vZy4DDdwC3dAoQNd6EEfAuAg4BO+4JvUSIfck+5ftUTyzTUURB5/AYf7aLQ=</latexit>

1

<latexit sha1_base64="ouzDwNcv6OVAwJVEn8xNMynKezE=">AAABj3icZY/NTsJAFIXv4B/iD0WXbojtwgUhHRawMyRucIcJBRIgZDpecMK0M+lMjdrwDG710XwbAbupnNXJueck3w21FMb6/g8pHRweHZ+UTytn5xeXVad2NTQqTTgGXEmVjENmUIoYAyusxLFOkEWhxFG4etjeR6+YGKHigX3XOIvYMhYLwZndRIHnUc+bO67f9Heq7xuaGxdy9edOOn1WPI0wtlwyYya0pe0sY4kVXOK6Mk0NasZXbIlZxOyLZh+qUbdLvQmkZIXCZEBn2ULFFmNeXL7tvmtEgidqi77ecNL/VPtm2GrSdrP91HK7vZy4DDdwC3dAoQNd6EEfAuAg4BO+4JvUSIfck+5ftUTyzTUURB5/AYf7aLQ=</latexit>

1
<latexit sha1_base64="rBt30hKOgsreMf9WDNfTqy3Uq/0=">AAABj3icZY/NTsJAFIXv4B/iH+jSDbFduCCkxQR2pokb3GFCgQQaMh0vOGHamXSmRm14Brf6aL6NBbupnNXJueck3w2V4No4zg+p7O0fHB5Vj2snp2fnF/XG5UjLNGHoMylkMgmpRsFj9A03AicqQRqFAsfh6mFzH79iormMh+ZdYRDRZcwXnFGTR75t39n2vG45bWer5q5xC2NBocG8ns6eJUsjjA0TVOup21EmyGhiOBO4rs1SjYqyFV1iFlHzouiHbDXNUuWBELRUmA7dIFvI2GDMysu37XetiLNEbtDXOaf7n2rXjDptt9vuPnUsr18QV+EabuAWXOiBB30YgA8MOHzCF3yTBumRe+L9VSuk2FxBSeTxF4pNaLY=</latexit>

3

<latexit sha1_base64="TxlrcEc3x51/dc3huqeFqGBMojs=">AAABpHicZU9LT8JAGPwWX4ivqhcTL400BhOC3R7wSuKFg4kYKZDwynZZcMO2W7tbozb113jV/+O/sWAvyJwm80hmvFBwpW37BxU2Nre2d4q7pb39g8Mj4/iko2QcUeZSKWTU84higgfM1VwL1gsjRnxPsK43v1343RcWKS6Dtn4L2dAns4BPOSU6k8bGmWUNNBcTltynledRgs1r00mvLGtslO2avYS5TnBOypCjNTbiwUTS2GeBpoIo1cdOqIcJiTSngqWlQaxYSOiczFjiE/0UkndZNfUszAQhyEqg38bDZCoDzQK62nxdXq76nEZy8SfNduL/q9ZJx6nheq3+4JQbzXxxEc7hAiqA4QYa0IQWuEDhAz7hC77RJbpDj8j9ixZQ3jmFFaDRL3AUcBE=</latexit>

Õ(q1/2)

<latexit sha1_base64="ITVMl7yIzu121tCLPlDzJF7/QiE=">AAABnHicZU/LTsJAFL2DL8QHVZcmhkgXmBDSssAtiS5IjBETKCRAyHS44IRpZ+xMidrwJ271n/wbC3aDnNXJeSTn+EpwbRznh+R2dvf2D/KHhaPjk9OidXbuaRlHDLtMChn1fapR8BC7hhuBfRUhDXyBPX9+t/J7C4w0l2HHvCscBXQW8iln1KTS2LJse2i4mGDytKy83tj22Co7NWeN0jZxM1KGDO2xFQ8nksUBhoYJqvXArSszSmhkOBO4LAxjjYqyOZ1hElDzouiHrJbMTKWCEHQjMOi4o2QqQ4Mh22y+ra9WA84iufqxTHe6/1dtE69ecxu1xnO93Gxli/NwCddQARduoQktaEMXGCzgE77gm1yRe/JAHv+iOZJ1LmADxPsFmlhtmQ==</latexit>

Õ(q)
<latexit sha1_base64="jhZbymvS3Aqy3PdeDIWHlqVXz/g=">AAABrHicZU9LT8JAGPyKL8RX1aOXRnrABJu2B7ySeOEmJrwSWsl2XcqGbXfd3RK16dVf41X/i/9GwF6QOU3mkcxEglGlXffHqOzs7u0fVA9rR8cnp2fm+cVA8Uxi0seccTmKkCKMpqSvqWZkJCRBScTIMJrfr/zhgkhFedrTb4KECYpTOqUY6aU0MS3bfmi8WMECSSIUZTx9ym/9wgoYj63ZjW1PzLrruGtY28QrSR1KdCdmFjxznCUk1ZghpcaeL3SYI6kpZqSoBZkiAuE5ikmeID0T6J03LR2LpcAY2giMe16YT3mqSYo3m6/r682EYslXv4rlTu//qm0y8B2v5bQe/Xq7Uy6uwhVcQwM8uIM2dKALfcDwAZ/wBd+GY/SMsRH+RStG2bmEDRjTX4ecc40=</latexit>

O(qε−2 log h)

<latexit sha1_base64="gagga6cOtFPotfRA6F4muP+rOKM=">AAABrnicZU9LT8JAGPyKL8RX1aOXBnrABEnbA15JvHATE14JLc12XcqG7e7a3RK14e6v8ap/xX8jYC/InCbzSGYiyajSjvNjlPb2Dw6PyseVk9Oz8wvz8mqgRJZi0seCiXQUIUUY5aSvqWZkJFOCkoiRYTR/WPvDBUkVFbyn3yQJEhRzOqUY6ZUUmlXbfqy/TDzLX6CUSEWZ4JP8zltaPhOxNbu17dCsOU1nA2uXuAWpQYFuaGb+s8BZQrjGDCk1dj2pgxylmmJGlhU/U0QiPEcxyROkZxK9i4alY7kSGENbgXHPDfKp4JpwvN183ZxvJBSnYv1sudrp/l+1SwZe0201W09erd0pFpfhBqpQBxfuoQ0d6EIfMHzAJ3zBt+EYAyMwwr9oySg617AFY/YLiVN0MQ==</latexit>

O(q2ε−2 log h)

<latexit sha1_base64="pj2oRPr9N7aMO7nABqidxappcJc=">AAABwHicZVDNTsJAGPyKf4h/VY9eGukBEiS0MXgleuEmJiAkFMl2XcqG7e7S3RKg6Yv4NF71DXwbAXtB5jSZbyaZ+XzJqNK12o+R29s/ODzKHxdOTs/OL8zLq1cl4giTDhZMRD0fKcIoJx1NNSM9GREU+ox0/cnT+t6dkUhRwdt6IckgRAGnI4qRXklD8962n0tTy5uhiEhFmeBvyZ2bWp4mc81FFCKWSMEWTARpaVqxxuWybQ/NYq1a28DaJU5GipChNTRj713gOCRcY4aU6juu1IMERZpiRtKCFysiEZ6ggCQh0mOJlqJi6UCuBMbQlqHfdgbJSHBNON5OzjfvqIQUR2K9NV31dP632iWvbtWpV+svbrHRzBrn4QZuoQQOPEADmtCCDmD4gE/4gm/j0Rgbwpj+WXNGlrmGLRjLX9DofE0=</latexit>

O(qε−2polylog(q, h))

<latexit sha1_base64="jhZbymvS3Aqy3PdeDIWHlqVXz/g=">AAABrHicZU9LT8JAGPyKL8RX1aOXRnrABJu2B7ySeOEmJrwSWsl2XcqGbXfd3RK16dVf41X/i/9GwF6QOU3mkcxEglGlXffHqOzs7u0fVA9rR8cnp2fm+cVA8Uxi0seccTmKkCKMpqSvqWZkJCRBScTIMJrfr/zhgkhFedrTb4KECYpTOqUY6aU0MS3bfmi8WMECSSIUZTx9ym/9wgoYj63ZjW1PzLrruGtY28QrSR1KdCdmFjxznCUk1ZghpcaeL3SYI6kpZqSoBZkiAuE5ikmeID0T6J03LR2LpcAY2giMe16YT3mqSYo3m6/r682EYslXv4rlTu//qm0y8B2v5bQe/Xq7Uy6uwhVcQwM8uIM2dKALfcDwAZ/wBd+GY/SMsRH+RStG2bmEDRjTX4ecc40=</latexit>

O(qε−2 log h)

<latexit sha1_base64="rFGhKlEtYQFOreX4H/Hh7SoeGx0=">AAABrnicZU9LT8JAGPyKL8RX1aOXBnrABEnbA15JvHATE14JLc12XcqG7e7a3RK14e6v8ap/xX8jYC/InCbzSGYiyajSjvNjlPb2Dw6PyseVk9Oz8wvz8mqgRJZi0seCiXQUIUUY5aSvqWZkJFOCkoiRYTR/WPvDBUkVFbyn3yQJEhRzOqUY6ZUUmlXbfqy/WP4CpUQqygSf5Hfe0vKZiCeeNbu17dCsOU1nA2uXuAWpQYFuaGb+s8BZQrjGDCk1dj2pgxylmmJGlhU/U0QiPEcxyROkZxK9i4alY7kSGENbgXHPDfKp4JpwvN183ZxvJBSnYv1sudrp/l+1SwZe0201W09erd0pFpfhBqpQBxfuoQ0d6EIfMHzAJ3zBt+EYAyMwwr9oySg617AFY/YLjVd0MQ==</latexit>

O(qε−2 log2
h)

RNC

RNC

Work Efficient

Work Efficient
[Harris, Kolmogorov24]:                 lower bound for number of oracle calls 

<latexit sha1_base64="EnvWIdZmUp2tnm4c4rG2am+FoVw=">AAABqnicZU/LTsJAFL3FF+KDqksTQ6QLTJC0XeCWxA070fAyFMl0uNQJ087YmRK1YefXuNWf8W8E7AY5q5PzSM7xJWdK2/aPkdva3tndy+8XDg6PjovmyWlXiSSm2KGCi7jvE4WcRdjRTHPsyxhJ6HPs+dPbpd+bYayYiNr6TeIwJEHEJowSvZBG5oVleXchBqTyUvJmJEapGBfRU3rtzq8sa2SW7Zq9QmmTOBkpQ4bWyEy8saBJiJGmnCg1cFyphymJNaMc5wUvUSgJnZIA05DoZ0neRbWkA7kQOCdrgUHbGaYTEWmM6HrzdXW8GjIai+Wr+WKn83/VJum6Nadeq9+75UYzW5yHc7iECjhwAw1oQgs6QOEDPuELvo2q8WA8GoO/aM7IOmewBmP8C9Dicyk=</latexit>

Ω(qε−2)

: upper bound for
<latexit sha1_base64="6E8aqUQxwDNi3CrRv9DN8dwZODE=">AAABlHicZY9LT8JAFIXv4AvxhZq4cdNIFy4IabvAjQsSNHFlIOEVgZDpeKkTpjOTztSoDf/Crf4v/42A3SBndXLuOcl3Qy24sZ73Qwpb2zu7e8X90sHh0fFJ+fSsZ1SaMOwyJVQyCKlBwSV2LbcCBzpBGocC++Gsubz3XzExXMmOfdc4jmkk+ZQzahfRk+uOhIqctutOyhWv5q3kbBo/NxXI1ZqU09GzYmmM0jJBjRn6gbbjjCaWM4Hz0ig1qCmb0QizmNoXTT9U1bGRXgRC0LXCsOOPs6mSFiVbX76tXqzGnCVqyT9fcPr/qTZNL6j59Vq9HVQadzlxES7hCq7BhxtowAO0oAsMJHzCF3yTC3JLmuT+r1og+eYc1kQefwFvgGrA</latexit>

log Q<latexit sha1_base64="ukj++LMp3OVdxk2Fmy4wl3C3x30=">AAABj3icZY/NTsJAFIXv4B/iX9GlG2K7cEFIywJ2hkQXusOEAgk0ZDpecMK0M3amRm14Brf6aL6NBbupnNXJueck3w2V4Nq47g+p7Ozu7R9UD2tHxyenZ1b9fKhlmjD0mRQyGYdUo+Ax+oYbgWOVII1CgaNwebu+j14x0VzGA/OuMIjoIuZzzqjJI99xXhxnZtluy92osW28wthQqD+z0umTZGmEsWGCaj3x2soEGU0MZwJXtWmqUVG2pAvMImqeFf2QzYZZqDwQgpYKk4EXZHMZG4xZefm2+a4ZcZbINfoq5/T+U22bYbvldVqdx7bduyuIq3AJV3ANHnShB/fQBx8YcPiEL/gmddIlN6T3V62QYnMBJZGHX9EHaPA=</latexit>q
: upper bound for

<latexit sha1_base64="IMlEPcMrgLpuMQ0CIHHOMxIvuyw=">AAABj3icZY/NTsJAFIXv4B/iH+jSDbFduCCkZQE700QXusOEAgk0ZDpeyoRpZ9KZGpXwDG710XwbC3ZTOauTc89JvhsqwbVxnB9S2ds/ODyqHtdOTs/OL+qNy6GWWcrQZ1LIdBxSjYIn6BtuBI5VijQOBY7C5f3mPnrFVHOZDMy7wiCmUcLnnFGTR75tL2x7VrectrNVc9e4hbGgUH9Wz6YvkmUxJoYJqvXE7SgTrGhqOBO4rk0zjYqyJY1wFVOzUPRDtpomUnkgBC0VJgM3WM1lYjBh5eXb9rtWzFkqN+jrnNP9T7Vrhp222213nzuW91AQV+EabuAWXOiBB4/QBx8YcPiEL/gmDdIjd8T7q1ZIsbmCksjTL8aWaOc=</latexit>

h
<latexit sha1_base64="i26lGS7OkM9GgB+BV2BJmpfb9HE=">AAABlnicZU/LTsJAFL2DL8QHqBsTN8R2gQlpWha4MyRqZIkJr4Q2ZDpc6oRpZ9KZGpXwG271t/wbAbtBzurkPJJzQiW4Nq77Qwo7u3v7B8XD0tHxyWm5cnbe1zJLGfaYFDIdhlSj4An2DDcChypFGocCB+HsfuUPXjHVXCZd864wiGmU8Cln1Cwl37bbNZ9NpLmx7XHFch13jeo28XJiQY7OuJL5E8myGBPDBNV65DWUCeY0NZwJXJT8TKOibEYjnMfUvCj6IetVE6mlIATdCIy6XjCfysRgwjabb+uT9ZizVK4eLJY7vf+rtkm/4XhNp/ncsFoP+eIiXME11MCDW2hBGzrQAwYKPuELvskluSOP5OkvWiB55wI2QDq/Y2prZA==</latexit>

H(·)
<latexit sha1_base64="DvCwD7sFqBfzZhDEGiPlS83h0WE=">AAABl3icZU9NT8JAFHyLX4hfqCfjpZEePBDScsCTkURjOELCVwIN2a4P2LDdXbpboxJ+h1f9Wf4bC/aCTPKSybyZZCbUghvreT8kt7O7t3+QPywcHZ+cnhXPL7pGJTHDDlNCxf2QGhRcYsdyK7CvY6RRKLAXzh5X/94rxoYr2bbvGoOITiQfc0ZtKgWuO3funWl60nVHxZJX8dZwtomfkRJkaI6KyfBFsSRCaZmgxgz8qrbBgsaWM4HLwjAxqCmb0QkuImqnmn6osmMnOhWEoBuGQdsPFmMlLUq2mXxbryxHnMVqNWGZ9vT/t9om3WrFr1VqrWqp/pQ1zsM13MAt+HAHdWhAEzrAYA6f8AXf5Io8kGfS+LPmSJa5hA2Q1i8bk2sQ</latexit>

q = h = n for hardcore



Our Results: Application
<latexit sha1_base64="+3gp0knyFFvLzr6FLYNQcBN9R5M=">AAABmHicZU/LTgIxFL3FF+ID1J1uJjILTAiZmQWuTEiMAXdoeCWApFMv2NCZNm3HqIT/cKt/5d8IOBvkrE7OIzknVIIb63k/JLO1vbO7l93PHRweHecLJ6cdIxPNsM2kkLoXUoOCx9i23ArsKY00CgV2w+nt0u++ojZcxi37rnAY0UnMx5xRu5CeXLfu3DilTtm5u3LdUaHoVbwVnE3ip6QIKZqjQjJ4liyJMLZMUGP6fqDscEa15UzgPDdIDCrKpnSCs4jaF0U/ZNmxE7UQhKBrgX7LH87GMrYYs/Xm2+pmOeJMy+WH+WKn/3/VJukEFb9aqT4ExVojXZyFC7iEEvhwDTVoQBPawEDDJ3zBNzknNVIn93/RDEk7Z7AG8vgL8ZVq2Q==</latexit>

G = (V, E) maximum degree 
<latexit sha1_base64="vg0BeQj1cgw7R/jZAmsAcTIhNDA=">AAABlHicZY9LT8JAFIXv4AvxhZq4cUOkCxekaVngxgUJmrAymPCK0JDpeKkTpjOTztSohH/hVv+X/0bAbipndXLuOcl3Qy24sZ73Qwpb2zu7e8X90sHh0fFJ+fSsb1SaMOwxJVQyDKlBwSX2LLcChzpBGocCB+GstboPXjExXMmufdcYxDSSfMoZtcvoyXHGdygsdZxJueq53lqVTeNnpgqZOpNyOn5WLI1RWiaoMSO/rm0wp4nlTOCiNE4NaspmNMJ5TO2Lph+qVrGRXgZC0Fxh1PWD+VRJi5Lll2/rF2sxZ4la8S+WnP5/qk3Tr7t+w2081qvNdkZchEu4gmvw4Qaa0IYO9ICBhE/4gm9yQW5Ji9z/VQsk25xDTuThF7Ajavs=</latexit>

∆
<latexit sha1_base64="Ey63ztfnicQ7nMTcdgxee1zOxI0=">AAABlXicZU/LTsJAFL2DL8QHqAsXbhrpwgUhLQtckZBoDDsx4ZUUQqbjBSdMZyadqVGBz3Cr3+XfWLAb5KxOziM5J9SCG+t5PyS3s7u3f5A/LBwdn5wWS2fnPaOSmGGXKaHiQUgNCi6xa7kVONAx0igU2A9ndyu//4qx4Up27LvGUUSnkk84ozaVAtdd9BZOw5GuOy6Vvaq3hrNN/IyUIUN7XEqGz4olEUrLBDUm8GvajuY0tpwJXBaGiUFN2YxOcR5R+6Lph6o4dqpTQQi6EQg6/mg+UdKiZJvNt/XHSsRZrFYHlulO//+qbdKrVf16tf5UKzdb2eI8XME13IAPt9CEFrShCwwUfMIXfJNL0iD35OEvmiNZ5wI2QB5/AcgYavg=</latexit>

|V| = n
<latexit sha1_base64="eE3sET1iKjt6M9Xax5XeSOHjQS8=">AAABlXicZU/LTsJAFL2DL8QX6sKFm0a6cEGalgWuSEh8hJ2YUCCBhkzHC06YdiadqVGBz3Cr3+XfCNhN5axOziM5J1SCa+O6P6Swtb2zu1fcLx0cHh2flE/PulqmCUOfSSGTfkg1Ch6jb7gR2FcJ0igU2Auntyu/94qJ5jLumHeFQUQnMR9zRs1SGtj2/H5uNazItkfliuu4a1ibxMtIBTK0R+V0+CxZGmFsmKBaD7yaMsGMJoYzgYvSMNWoKJvSCc4ial4U/ZBVy0zUUhCC5gKDjhfMxjI2GLN88239sRpxlsjVgcVyp/d/1Sbp1hyv7tSfapVmK1tchEu4gmvw4Aaa0II2+MBAwid8wTe5IA1yRx7+ogWSdc4hB/L4C7LhauY=</latexit>

|E| = m
<latexit sha1_base64="YSDctU6/0zk2ChGC7WoINRXO8qM=">AAAB3HicZVBNS8NAEN34WetX1KOXxebgoZSkhwqCUPBST1boFzS1bLbTdOlmN2Y3Ug25eROv/hT/i+BVf4dpzaX2HYY3M+8Nj/FCzpS27U9jbX1jc2u7sFPc3ds/ODSPjjtKxhGFNpVcRj2PKOBMQFszzaEXRkACj0PXm17P991HiBSToqWfQhgExBdszCjR2WhoNi3LvQ3AJ/gKuxzG2k1usKtiT4GGB9y5xFmrYaaFjALCE8wUJgIzMYIQsiI0zpSpGzF/ot3UsoZmya7YC+BV4uSkhHI0h2bsjiSNg+wU5USpvlMN9SAhkWaUQ1p0YwUhoVPiQxIQPQnJsyxj7YfZgHOyJOi3nEEylkKDoMvO2eJV5YDRSM7/kGY5nf+pVkmnWnFqldpdtVRv5IkL6BSdoXPkoAtURw3URG1E0Qf6Qt/ox7g3XoxX4+1PumbknhO0BOP9Fxujh6Y=</latexit>

Ω = {I ⊆ V : I is an independent set}
RNC algorithm

exists

hard regime

weight (fugacity)
<latexit sha1_base64="qh/XK8E09N6iDIZ/ztSn+DF11Wc=">AAABnXicZU/LTsJAFL2DL8RX0aULG+nCBSFtF7glMSYsjMGEV0IJmQ6XOmHamXSmvgif4la/yb+xYDfIWZ2cR3JOqATXxnV/SGlnd2//oHxYOTo+OT2zqud9LbOUYY9JIdNhSDUKnmDPcCNwqFKkcShwEM7vVv7gBVPNZdI17wrHMY0SPuOMmlyaWFXHCUQen1I7iNB2HWdi1dyGu4a9TbyC1KBAZ2JlwVSyLMbEMEG1Hnm+MuMFTQ1nApeVINOoKJvTCBcxNc+Kfsi6bSKVC0LQjcCo640XM5kYTNhm8239tR5zlsrVkWW+0/u/apv0/YbXbDSf/FqrXSwuwyVcww14cAstaEMHesDgFT7hC77JFbknD+TxL1oiRecCNkAGv5pEbYE=</latexit>

λ ≥ 0
<latexit sha1_base64="MDErkzcgb7Fvbl7OTRTbFAJLqOo=">AAABvnicZVDLTsJAFL3FF+Kr6tJNI11gQkjbBa5MSNzASkx4RYrNdBjqhJlO05katPQ//Bq3+gv+jQW7Qc7q5DySc68fMSqVZf1opZ3dvf2D8mHl6Pjk9Ew/vxhIkcSY9LFgIh75SBJGQ9JXVDEyimKCuM/I0J/fr/zhK4klFWFPvUVkwlEQ0hnFSOWSpzum+VRzWV6YohvjznBlwr20Y7g0NNwHTgKUGYX9nC47y8w0Pb1qNaw1jG1iF6QKBbqenrhTgRNOQoUZknJsO5GapChWFDOSVdxEkgjhOQpIypF6idC7qBsqiHKBMbQRGPfsSToToSIh3mwu1s+oc4pjsbo0y3fa/1dtk4HTsJuN5qNTbbWLxWW4gmuogQ230II2dKEPGD7gE77gW2tpM41r4i9a0orOJWxAW/wCoad62A==</latexit>

Z(λ) = ∑
I∈Ω

λ|I|
<latexit sha1_base64="yAchPOGyDKk0oCcH9SMqo+G+16Q=">AAABtnicZVDNTsJAGPyKf4h/VY9eGukBDSEtB/RI4gVumPCXUGi2y1I3brub3a1RS9/Bp/Gqr+HbWLAXZE6T+WaSmS8QjCrtOD9GaWd3b/+gfFg5Oj45PTPPL4aKJxKTAeaMy3GAFGE0JgNNNSNjIQmKAkZGwfPD6j56IVJRHvf1myDTCIUxXVCMdC755q1te1Hipx7LM3OU1bo3lickF5pbhTZLl91lZtu+WXUazhrWNnELUoUCPd9MvDnHSURijRlSauI2hZ6mSGqKGckqXqKIQPgZhSSNkH4S6J3XLR2KXGAMbRgmfXeaLnisSYw3k6/rJ9QjiiVfLczynu7/Vttk2Gy4rUbrsVltd4rGZbiCa6iBC3fQhg70YAAYPuATvuDbuDdmBjHCP2vJKDKXsAFD/ALzbnim</latexit>

µλ(I) ∝ λ|I|

More applications on Monomer-Dimer model, ferromagnetic Ising model

RNC Sampling [Liu, Yin 2025]

Our Counting Framework
&

For  within the uniqueness regime, there exists 
an algorithm that estimates          within error  
in                                     depth using            
processors.

<latexit sha1_base64="Bl7+lWp7IXj9DWb47bIh1IYDu2w=">AAABlXicZU/LTsJAFL2DL8QHVRcu3BDbhQtC2i5wZUKiMezEhFcCDZkOF5ww7Uw6U6M2fIZb/S7/xoLdIGd1ch7JOaESXBvX/SGlnd29/YPyYeXo+OS0ap2d97VME4Y9JoVMhiHVKHiMPcONwKFKkEahwEG4uF/5g1dMNJdx17wrDCI6j/mMM2pyaeQ4Y5GHp9RxJpbtNtw1atvEK4gNBToTKx1PJUsjjA0TVOuR5ysTZDQxnAlcVsapRkXZgs4xi6h5UfRD1mtmrnJBCLoRGHW9IJvJ2GDMNptv64/1iLNErg4s853e/1XbpO83vGaj+ezbrXaxuAxXcA034MEttKANHegBAwmf8AXf5JLckQfy+BctkaJzARsgT79iAmt8</latexit>

λ
<latexit sha1_base64="Kgv+g2cjxPXXiMzT7EVV7qeg5zI=">AAABm3icZU/LTgIxFL3FF+KDUZfGhMgsXBAywwK2JGyIcYEJAyRASKdesKHTNm2HqIQvcasf5d8IOBvkrE7OIzkn1oJbFwQ/JHdweHR8kj8tnJ1fXBa9q+ueValhGDEllBnE1KLgEiPHncCBNkiTWGA/nrc2fn+BxnIlu+5d4zihM8mnnFG3liZe0fdHC2pQWy6U9P2JVw6qwRalfRJmpAwZOhMvHb0oliYoHRPU2mFY0268pMZxJnBVGKUWNWVzOsNlQt2rph+qUnIzvRaEoDuBYTccL6dKOpRst/m2fVpJODNqc2O13hn+X7VPerVqWK/Wn2vlZjtbnIdbuIcHCKEBTWhDByJgkMInfME3uSMt8kie/qI5knVuYAck+gWf9G23</latexit>ε

<latexit sha1_base64="ab5wSBp+U54qbGp1urYZ2kg8AlY=">AAABmHicZU/LTsJAFL2DL8QX6k43xHaBCSEtC9ySuBB3aHhFimQ6XHDCtDOZmRqV8B9u9a/8Gwt2g5zVyXkk54RKcGM974fktrZ3dvfy+4WDw6Pjk+LpWdfIRDPsMCmk7ofUoOAxdiy3AvtKI41Cgb1wdrv0e6+oDZdx274rHEZ0GvMJZ9Sm0rPrPpUDkcbH9Np1R0XHq3orlDaJnxEHMrRGxSQYS5ZEGFsmqDEDv6bscE615UzgohAkBhVlMzrFeUTti6IfslKyU5UKQtC1wKDtD+cTGVuM2XrzbXWzEnGm5fLDIt3p/1+1Sbq1ql+v1h9qTqOZLc7DJVxBGXy4gQY0oQUdYKDhE77gm1yQBrkj93/RHMk657AG8vgLnkpsRQ==</latexit>

Z(λ)
<latexit sha1_base64="uitiqYGeM2X6lDGUzrlqpIJCpG4=">AAABuHicZVDLTgIxFL2DL8TXqEs3jcwCEoLMLDBxReKGnZjwShjETiljQ6dt2g5RCT/h17jVv/BvBJwNclbnnntOcu6NFGfG1mo/Tm5nd2//IH9YODo+OT1zzy+6Rqaa0A6RXOp+hA3lTNCOZZbTvtIUJxGnvWh6v9r3ZlQbJkXbvik6THAs2IQRbJfSyK143kMp5DJ+CpBAIRlLi1YjKvnoBoUzrKkyjEtRLnveyC3WqrU10DbxM1KEDK2Rm4ZjSdKECks4NmbgB8oO51hbRjhdFMLUUIXJFMd0nmD7ovC7rCAbq6XAOd4wDNr+cD6RwlJBNpOv6zdUEka0XN24WPb0/7faJt2g6ter9ceg2GhmjfNwBddQAh9uoQFNaEEHCHzAJ3zBt3PnPDuxw/6sOSfLXMIGHP0LXfR3Kg==</latexit>

O(log2
n · log(1/ε))

<latexit sha1_base64="heajWGzq87tVpOWBhzpugmxQsEo=">AAABr3icZU/LTsJAFL3FF+ILdemmkS4wQUK7wC2JG3ZiwiuhgNPhghOnM5POlKhNP8Cvcauf4t9YsBvkrE7OIzknUJxp02j8WIWd3b39g+Jh6ej45PSsfH7R1zKOKPao5DIaBkQjZwJ7hhmOQxUhCQOOg+DlfuUPlhhpJkXXvCkch2Qh2JxRYjJpWq44jm8Yn2HykFZDW9j+kkSoNONSTJJbL71xnCzVqDfWsLeJm5MK5OhMy7E/kzQOURjKidYj11NmnJDIMMoxLfmxRkXoC1lgEhLzrMi7rNlmoTKBc7IRGHXdcTKXwqCgm83X9ftayGgkV9fSbKf7f9U26Xt1t1lvPnqVVjtfXIQruIYquHAHLWhDB3pA4QM+4Qu+LdcaWBPr6S9asPLOJWzAYr8OTnVV</latexit>

Õ(mnε−2)



Cooling Schedule

<latexit sha1_base64="D1qrIs9dbGJzSguAHH5iY/x/eoc=">AAABk3icZY9LT8JAFIXv4AvxAWpcuSG2CxeEtF3gwg1RF2xMMOFlaEOm4wUnTDuTztSoDb/Crf4w/42A3VTO6uTcc5LvhkpwbRznh5S2tnd298r7lYPDo+Nq7eR0oGWaMOwzKWQyCqlGwWPsG24EjlSCNAoFDsP53eo+fMVEcxn3zLvCIKKzmE85o2YZPdm2H6Khtj2pWU7TWau+adzcWJCrO6ml/rNkaYSxYYJqPXY9ZYKMJoYzgYuKn2pUlM3pDLOImhdFP2SjbmZqGQhBC4Vxzw2yqYwNxqy4fFt/2Ig4S+QKf7HkdP9TbZqB13RbzdajZ7U7OXEZLuASrsCFa2hDB7rQBwYRfMIXfJNzckNuyf1ftUTyzRkURB5+AS9DaqM=</latexit>

β
🔥🧊 <latexit sha1_base64="+tSW33RzJJuhKrxE999DdzrhB9s=">AAABlXicZU/LTsJAFL2DL8QX6sKFGyJduCBN2wWuTEg0hp2YUCAB0kzHS50w7Uw6U6MSPsOtfpd/Y8FuKmd1ch7JOaESXBvH+SGVre2d3b3qfu3g8Oj4pH56NtAySxn6TAqZjkKqUfAEfcONwJFKkcahwGE4v1v5w1dMNZdJ37wrnMY0SviMM2pyaWxZkxANDRzLCupNx3bWaGwStyBNKNAL6tnkWbIsxsQwQbUeu54y0wVNDWcCl7VJplFRNqcRLmJqXhT9kK2GiVQuCEFLgXHfnS5mMjGYsHLzbf2xFXOWytWBZb7T/b9qkww8223b7Sev2ekWi6twCVdwDS7cQAe60AMfGEj4hC/4JhfkltyTh79ohRSdcyiBPP4CI0hrRg==</latexit>

β0
<latexit sha1_base64="b8ab9mjFvAIYlUZVpg8+ALxoX8I=">AAABlXicZU/LTsJAFL2DL8QX6sKFG2K7cEFIpwtcmZBoDDsx4ZW0DZmOF5ww7Uw6U6MSPsOtfpd/I2A3yFmdnEdyTqylMNbzfkhpa3tnd6+8Xzk4PDo+qZ6e9Y3KM449rqTKhjEzKEWKPSusxKHOkCWxxEE8vVv6g1fMjFBp175rjBI2ScVYcGYXUuC6YYyWjajrjqqO1/BWqG0SWhAHCnRG1Tx8VjxPMLVcMmMC6msbzVhmBZc4r4S5Qc34lE1wljD7otmHqtfsRC8EKdlaIOjSaDZWqcWUrzffVh/rieCZWh6YL3bS/6s2Sd9v0Gaj+eQ7rXaxuAyXcAXXQOEGWtCGDvSAg4JP+IJvckFuyT15+IuWSNE5hzWQx18kcWtH</latexit>

β1
<latexit sha1_base64="T2dr8YGpmLx6CRJ7nb1A/62eq8U=">AAABlXicZU/LTsJAFL2DL8QX6sKFGyJduCBN2wWuTEg0hp2YUCAB0kzHS50w7Uw6U6MSPsOtfpd/Y8FuKmd1ch7JOaESXBvH+SGVre2d3b3qfu3g8Oj4pH56NtAySxn6TAqZjkKqUfAEfcONwJFKkcahwGE4v1v5w1dMNZdJ37wrnMY0SviMM2pyaWxZkxANDTzLCupNx3bWaGwStyBNKNAL6tnkWbIsxsQwQbUeu54y0wVNDWcCl7VJplFRNqcRLmJqXhT9kK2GiVQuCEFLgXHfnS5mMjGYsHLzbf2xFXOWytWBZb7T/b9qkww8223b7Sev2ekWi6twCVdwDS7cQAe60AMfGEj4hC/4JhfkltyTh79ohRSdcyiBPP4CJZprSA==</latexit>

β2
<latexit sha1_base64="7A2fPWW/CxkmN+xYBvxVFFPb7kU=">AAABmHicZU/LTsJAFL2DL8RX1Z1uiO3CBSFtF7glcSHu0PBKKDbT8YITpp3JzNSohP9wq3/l3wjYDXJWJ+eRnJMowY31/R9S2tre2d0r71cODo+OT5zTs56RuWbYZVJIPUioQcEz7FpuBQ6URpomAvvJ9Hbp919RGy6zjn1XOErpJONjzqhdSE+eFyVoaRyhEJ4XO65f91eobpKgIC4UaMdOHj1LlqeYWSaoMcMgVHY0o9pyJnBeiXKDirIpneAspfZF0Q9Zq9qJWghC0LXAsBOMZmOZWczYevNtdbOWcqbl8sN8sTP4v2qT9MJ60Kg3HkK32SoWl+ESruAaAriBJrSgDV1goOETvuCbXJAmuSP3f9ESKTrnsAby+As+NWzN</latexit>

β!

[Huber 2015]
Paired Product Estimator

   A good 
approximation of 

<latexit sha1_base64="EboqfbYSLiofbefVj3LIJAL9JtU=">AAABj3icZY/NTsJAFIXv4B/iX9GlG2K7cEGalgXsDIkb3EFCgQQaMh0vdcK0M+lMjUp4Brf6aL6NgN1Uzurk3HOS70ZKcG0874dUDg6Pjk+qp7Wz84vLK6t+PdIyzxgGTAqZTSKqUfAUA8ONwInKkCaRwHG0fNzex6+YaS7ToXlXGCY0TvmCM2o2UeA4A8eZW7bnejs19o1fGBsK9edWPnuWLE8wNUxQrad+S5lwRTPDmcB1bZZrVJQtaYyrhJoXRT9ks2FitQmEoKXCdOiHq4VMDaasvHzbfddMOMvkFn294fT/U+2bUcv122570LK7vYK4CrdwB/fgQwe60IM+BMCAwyd8wTepkw55IN2/aoUUmxsoiTz9Aq0baNQ=</latexit>

Q
A cooling schedule

<latexit sha1_base64="e1pH0SmtFgvYrnPTk89rjLlOCD0=">AAABtnicZZDNTsJAFIXv4B/iX9WlGyJdoCGkZYEuSdywxIS/hGIzHS51wrQz6UyNSngHn8atvoZvY4G6QM7qy7nnJufeQAmujeP8kMLO7t7+QfGwdHR8cnpmnV/0tUwThj0mhUyGAdUoeIw9w43AoUqQRoHAQTB7WM4HL5hoLuOueVM4jmgY8yln1GSWb93adtUL0FDfqZXX4GYgJtLoP8NDIW5s27cqTt1ZqbwNbg4VyNXxrdSbSJZGGBsmqNYjt6HMeE4Tw5nARclLNSrKZjTEeUTNs6LvslY2ocoMIehGYNR1x/OpjA3GbHPzdfWEWsRZIpcXLrKe7v9W29Bv1N1mvfnYqLTaeeMiXME1VMGFO2hBGzrQAwYf8Alf8E3uyRNBEq6jBZLvXMKGiPoFvDt23A==</latexit>

(β0, β1, . . . , β!)
with certain conditions

Step 1 Step 2 as a black box

one round
sampling

: upper bound for
<latexit sha1_base64="6E8aqUQxwDNi3CrRv9DN8dwZODE=">AAABlHicZY9LT8JAFIXv4AvxhZq4cdNIFy4IabvAjQsSNHFlIOEVgZDpeKkTpjOTztSoDf/Crf4v/42A3SBndXLuOcl3Qy24sZ73Qwpb2zu7e8X90sHh0fFJ+fSsZ1SaMOwyJVQyCKlBwSV2LbcCBzpBGocC++Gsubz3XzExXMmOfdc4jmkk+ZQzahfRk+uOhIqctutOyhWv5q3kbBo/NxXI1ZqU09GzYmmM0jJBjRn6gbbjjCaWM4Hz0ig1qCmb0QizmNoXTT9U1bGRXgRC0LXCsOOPs6mSFiVbX76tXqzGnCVqyT9fcPr/qTZNL6j59Vq9HVQadzlxES7hCq7BhxtowAO0oAsMJHzCF3yTC3JLmuT+r1og+eYc1kQefwFvgGrA</latexit>

log Q<latexit sha1_base64="ukj++LMp3OVdxk2Fmy4wl3C3x30=">AAABj3icZY/NTsJAFIXv4B/iX9GlG2K7cEFIywJ2hkQXusOEAgk0ZDpecMK0M3amRm14Brf6aL6NBbupnNXJueck3w2V4Nq47g+p7Ozu7R9UD2tHxyenZ1b9fKhlmjD0mRQyGYdUo+Ax+oYbgWOVII1CgaNwebu+j14x0VzGA/OuMIjoIuZzzqjJI99xXhxnZtluy92osW28wthQqD+z0umTZGmEsWGCaj3x2soEGU0MZwJXtWmqUVG2pAvMImqeFf2QzYZZqDwQgpYKk4EXZHMZG4xZefm2+a4ZcZbINfoq5/T+U22bYbvldVqdx7bduyuIq3AJV3ANHnShB/fQBx8YcPiEL/gmddIlN6T3V62QYnMBJZGHX9EHaPA=</latexit>q
: upper bound for

<latexit sha1_base64="IMlEPcMrgLpuMQ0CIHHOMxIvuyw=">AAABj3icZY/NTsJAFIXv4B/iH+jSDbFduCCkZQE700QXusOEAgk0ZDpeyoRpZ9KZGpXwDG710XwbC3ZTOauTc89JvhsqwbVxnB9S2ds/ODyqHtdOTs/OL+qNy6GWWcrQZ1LIdBxSjYIn6BtuBI5VijQOBY7C5f3mPnrFVHOZDMy7wiCmUcLnnFGTR75tL2x7VrectrNVc9e4hbGgUH9Wz6YvkmUxJoYJqvXE7SgTrGhqOBO4rk0zjYqyJY1wFVOzUPRDtpomUnkgBC0VJgM3WM1lYjBh5eXb9rtWzFkqN+jrnNP9T7Vrhp222213nzuW91AQV+EabuAWXOiBB4/QBx8YcPiEL/gmDdIjd8T7q1ZIsbmCksjTL8aWaOc=</latexit>

h
<latexit sha1_base64="i26lGS7OkM9GgB+BV2BJmpfb9HE=">AAABlnicZU/LTsJAFL2DL8QHqBsTN8R2gQlpWha4MyRqZIkJr4Q2ZDpc6oRpZ9KZGpXwG271t/wbAbtBzurkPJJzQiW4Nq77Qwo7u3v7B8XD0tHxyWm5cnbe1zJLGfaYFDIdhlSj4An2DDcChypFGocCB+HsfuUPXjHVXCZd864wiGmU8Cln1Cwl37bbNZ9NpLmx7XHFch13jeo28XJiQY7OuJL5E8myGBPDBNV65DWUCeY0NZwJXJT8TKOibEYjnMfUvCj6IetVE6mlIATdCIy6XjCfysRgwjabb+uT9ZizVK4eLJY7vf+rtkm/4XhNp/ncsFoP+eIiXME11MCDW2hBGzrQAwYKPuELvskluSOP5OkvWiB55wI2QDq/Y2prZA==</latexit>

H(·)
<latexit sha1_base64="DvCwD7sFqBfzZhDEGiPlS83h0WE=">AAABl3icZU9NT8JAFHyLX4hfqCfjpZEePBDScsCTkURjOELCVwIN2a4P2LDdXbpboxJ+h1f9Wf4bC/aCTPKSybyZZCbUghvreT8kt7O7t3+QPywcHZ+cnhXPL7pGJTHDDlNCxf2QGhRcYsdyK7CvY6RRKLAXzh5X/94rxoYr2bbvGoOITiQfc0ZtKgWuO3funWl60nVHxZJX8dZwtomfkRJkaI6KyfBFsSRCaZmgxgz8qrbBgsaWM4HLwjAxqCmb0QkuImqnmn6osmMnOhWEoBuGQdsPFmMlLUq2mXxbryxHnMVqNWGZ9vT/t9om3WrFr1VqrWqp/pQ1zsM13MAt+HAHdWhAEzrAYA6f8AXf5Io8kGfS+LPmSJa5hA2Q1i8bk2sQ</latexit>

q = h = n for hardcore

Oracle calls are in parallel
samples are needed

<latexit sha1_base64="s+dIMUcW4XX35PF6pkhVgnd+dzw=">AAABn3icZU/LTsJAFL2DL8QHVZZuULrAhJC2C9ySuJCVYsLLUEKmwwUnTDuTztSIDd/iVj/JvxGwG+SsTs4jOSdQgmvjOD8kt7d/cHiUPy6cnJ6dF62Ly56WScywy6SQ8SCgGgWPsGu4EThQMdIwENgP5vdrv/+GseYy6piFwlFIZxGfckbNShpbJdv2DRcTTJ+WVR+FuLXtsVVx6s4G5V3iZqQCGdpjK/EnkiUhRoYJqvXQ9ZQZpTQ2nAlcFvxEo6JsTmeYhtS8Kvoha2UzUytBCLoVGHbcUTqVkcGIbTffN29rIWexXF9Zrna6/1ftkp5Xdxv1xrNXabayxXm4ghuoggt30IQWtKELDBbwCV/wTa7JA3kk7b9ojmSdEmyBvPwCcBFu3w==</latexit>

Õ(!)

<latexit sha1_base64="sk0KywdSOy7NHMC4j8F86jo7kwk=">AAABnHicZU/LSsNAFL1TX7U+GnUpSLFZuCgl6aJuC7ooiFChL2hCmIy3degkM2QmpRr6J271n/wb05pN7VkdzgPOCZXg2jjODynt7R8cHpWPKyenZ+dV6+JyqGWaMBwwKWQyDqlGwWMcGG4EjlWCNAoFjsL5w9ofLTDRXMZ9867Qj+gs5lPOqMmlwLJs2wvR0CDzIrpc2XZg1Z2ms0Ftl7gFqUOBXmCl3qtkaYSxYYJqPXFbyvgZTQxnAlcVL9WoKJvTGWYRNW+KfshGzcxULghBtwKTvutnUxkbjNl2c7m52og4S+T6xyrf6f5ftUuGrabbbrZfWvVOt1hchmu4hTtw4R460IUeDIDBAj7hC77JDXkkT+T5L1oiRecKtkCGvyedbhM=</latexit>

βmax
<latexit sha1_base64="tK9mybJWws1fB5vBtPbZOAFozm4=">AAABnHicZU/LSsNAFL1TX7W+oi4FKTYLF6UkWdRtQRcFESr0BU0Jk/G2Dp3MDJlJUUP/xK3+k39jW7OpPavDecA5sRbcWM/7IaWd3b39g/Jh5ej45PTMOb/oG5WlDHtMCZUOY2pQcIk9y63AoU6RJrHAQTy7X/mDOaaGK9m17xrHCZ1KPuGM2qUUOY7rhjFaGuVhwuXCdSOn5jW8NarbxC9IDQp0IicLXxTLEpSWCWrMyA+0Hec0tZwJXFTCzKCmbEanmCfUvmr6oepVO9VLQQi6ERh1/XE+UdKiZJvNt/XVesJZqlY/Fsud/v9V26QfNPxmo/kc1FrtYnEZruAGbsGHO2hBGzrQAwZz+IQv+CbX5IE8kqe/aIkUnUvYAOn/AiVRbhE=</latexit>

βmin



Cooling Schedule

Oracle calls are in parallel
samples are needed

<latexit sha1_base64="s+dIMUcW4XX35PF6pkhVgnd+dzw=">AAABn3icZU/LTsJAFL2DL8QHVZZuULrAhJC2C9ySuJCVYsLLUEKmwwUnTDuTztSIDd/iVj/JvxGwG+SsTs4jOSdQgmvjOD8kt7d/cHiUPy6cnJ6dF62Ly56WScywy6SQ8SCgGgWPsGu4EThQMdIwENgP5vdrv/+GseYy6piFwlFIZxGfckbNShpbJdv2DRcTTJ+WVR+FuLXtsVVx6s4G5V3iZqQCGdpjK/EnkiUhRoYJqvXQ9ZQZpTQ2nAlcFvxEo6JsTmeYhtS8Kvoha2UzUytBCLoVGHbcUTqVkcGIbTffN29rIWexXF9Zrna6/1ftkp5Xdxv1xrNXabayxXm4ghuoggt30IQWtKELDBbwCV/wTa7JA3kk7b9ojmSdEmyBvPwCcBFu3w==</latexit>

Õ(!)Main problem: control the length 
<latexit sha1_base64="XssHwup3nL+c1BlQAWKC4ujPepE=">AAABknicZY9LT8JAFIXv4AvxhY+dG2K7cEFI2wUmrjBsWLjAhAIJNGQ6XnDCtDPpTI3a8Cfc6h/z31iwm8pZnZx7TvLdUAmujeP8kMrO7t7+QfWwdnR8cnpWP78YapkmDH0mhUzGIdUoeIy+4UbgWCVIo1DgKFx21/fRKyaay3hg3hUGEV3EfM4ZNXk0tu0pCmHbs7rltJyNGtvGLYwFhfqzejp9liyNMDZMUK0nrqdMkNHEcCZwVZumGhVlS7rALKLmRdEP2WyYhcoDIWipMBm4QTaXscGYlZdvmwebEWeJXNOvck73P9W2GXott91qP3lWp1cQV+EabuAWXLiDDvSgDz4wEPAJX/BNrsg9eSDdv2qFFJtLKIk8/gKalmo6</latexit>

!

: upper bound for
<latexit sha1_base64="6E8aqUQxwDNi3CrRv9DN8dwZODE=">AAABlHicZY9LT8JAFIXv4AvxhZq4cdNIFy4IabvAjQsSNHFlIOEVgZDpeKkTpjOTztSoDf/Crf4v/42A3SBndXLuOcl3Qy24sZ73Qwpb2zu7e8X90sHh0fFJ+fSsZ1SaMOwyJVQyCKlBwSV2LbcCBzpBGocC++Gsubz3XzExXMmOfdc4jmkk+ZQzahfRk+uOhIqctutOyhWv5q3kbBo/NxXI1ZqU09GzYmmM0jJBjRn6gbbjjCaWM4Hz0ig1qCmb0QizmNoXTT9U1bGRXgRC0LXCsOOPs6mSFiVbX76tXqzGnCVqyT9fcPr/qTZNL6j59Vq9HVQadzlxES7hCq7BhxtowAO0oAsMJHzCF3yTC3JLmuT+r1og+eYc1kQefwFvgGrA</latexit>

log Q<latexit sha1_base64="ukj++LMp3OVdxk2Fmy4wl3C3x30=">AAABj3icZY/NTsJAFIXv4B/iX9GlG2K7cEFIywJ2hkQXusOEAgk0ZDpecMK0M3amRm14Brf6aL6NBbupnNXJueck3w2V4Nq47g+p7Ozu7R9UD2tHxyenZ1b9fKhlmjD0mRQyGYdUo+Ax+oYbgWOVII1CgaNwebu+j14x0VzGA/OuMIjoIuZzzqjJI99xXhxnZtluy92osW28wthQqD+z0umTZGmEsWGCaj3x2soEGU0MZwJXtWmqUVG2pAvMImqeFf2QzYZZqDwQgpYKk4EXZHMZG4xZefm2+a4ZcZbINfoq5/T+U22bYbvldVqdx7bduyuIq3AJV3ANHnShB/fQBx8YcPiEL/gmddIlN6T3V62QYnMBJZGHX9EHaPA=</latexit>q
: upper bound for

<latexit sha1_base64="IMlEPcMrgLpuMQ0CIHHOMxIvuyw=">AAABj3icZY/NTsJAFIXv4B/iH+jSDbFduCCkZQE700QXusOEAgk0ZDpeyoRpZ9KZGpXwDG710XwbC3ZTOauTc89JvhsqwbVxnB9S2ds/ODyqHtdOTs/OL+qNy6GWWcrQZ1LIdBxSjYIn6BtuBI5VijQOBY7C5f3mPnrFVHOZDMy7wiCmUcLnnFGTR75tL2x7VrectrNVc9e4hbGgUH9Wz6YvkmUxJoYJqvXE7SgTrGhqOBO4rk0zjYqyJY1wFVOzUPRDtpomUnkgBC0VJgM3WM1lYjBh5eXb9rtWzFkqN+jrnNP9T7Vrhp222213nzuW91AQV+EabuAWXOiBB4/QBx8YcPiEL/gmDdIjd8T7q1ZIsbmCksjTL8aWaOc=</latexit>

h
<latexit sha1_base64="i26lGS7OkM9GgB+BV2BJmpfb9HE=">AAABlnicZU/LTsJAFL2DL8QHqBsTN8R2gQlpWha4MyRqZIkJr4Q2ZDpc6oRpZ9KZGpXwG271t/wbAbtBzurkPJJzQiW4Nq77Qwo7u3v7B8XD0tHxyWm5cnbe1zJLGfaYFDIdhlSj4An2DDcChypFGocCB+HsfuUPXjHVXCZd864wiGmU8Cln1Cwl37bbNZ9NpLmx7XHFch13jeo28XJiQY7OuJL5E8myGBPDBNV65DWUCeY0NZwJXJT8TKOibEYjnMfUvCj6IetVE6mlIATdCIy6XjCfysRgwjabb+uT9ZizVK4eLJY7vf+rtkm/4XhNp/ncsFoP+eIiXME11MCDW2hBGzrQAwYKPuELvskluSOP5OkvWiB55wI2QDq/Y2prZA==</latexit>

H(·)
<latexit sha1_base64="DvCwD7sFqBfzZhDEGiPlS83h0WE=">AAABl3icZU9NT8JAFHyLX4hfqCfjpZEePBDScsCTkURjOELCVwIN2a4P2LDdXbpboxJ+h1f9Wf4bC/aCTPKSybyZZCbUghvreT8kt7O7t3+QPywcHZ+cnhXPL7pGJTHDDlNCxf2QGhRcYsdyK7CvY6RRKLAXzh5X/94rxoYr2bbvGoOITiQfc0ZtKgWuO3funWl60nVHxZJX8dZwtomfkRJkaI6KyfBFsSRCaZmgxgz8qrbBgsaWM4HLwjAxqCmb0QkuImqnmn6osmMnOhWEoBuGQdsPFmMlLUq2mXxbryxHnMVqNWGZ9vT/t9om3WrFr1VqrWqp/pQ1zsM13MAt+HAHdWhAEzrAYA6f8AXf5Io8kGfS+LPmSJa5hA2Q1i8bk2sQ</latexit>

q = h = n for hardcore



Cooling Schedule

Oracle calls are in parallel
samples are needed

<latexit sha1_base64="s+dIMUcW4XX35PF6pkhVgnd+dzw=">AAABn3icZU/LTsJAFL2DL8QHVZZuULrAhJC2C9ySuJCVYsLLUEKmwwUnTDuTztSIDd/iVj/JvxGwG+SsTs4jOSdQgmvjOD8kt7d/cHiUPy6cnJ6dF62Ly56WScywy6SQ8SCgGgWPsGu4EThQMdIwENgP5vdrv/+GseYy6piFwlFIZxGfckbNShpbJdv2DRcTTJ+WVR+FuLXtsVVx6s4G5V3iZqQCGdpjK/EnkiUhRoYJqvXQ9ZQZpTQ2nAlcFvxEo6JsTmeYhtS8Kvoha2UzUytBCLoVGHbcUTqVkcGIbTffN29rIWexXF9Zrna6/1ftkp5Xdxv1xrNXabayxXm4ghuoggt30IQWtKELDBbwCV/wTa7JA3kk7b9ojmSdEmyBvPwCcBFu3w==</latexit>

Õ(!)

We focus on step 1: construct by calling samples
[Hub15, Kol18, HK24]: <latexit sha1_base64="2QcFQ6qL8OFuuTUuzip8W12SRTY=">AAABonicZU/LTsJAFL2DL8RX1cSNm0a6wISQlgWuTEjcEDdC5JVQQqbjpUyYdsbO1KjIz7jVH/JvBOwGOauT80jOCZTg2rjuD8ltbe/s7uX3CweHR8cn1ulZV8s0YdhhUsikH1CNgsfYMdwI7KsEaRQI7AXTu6Xfe8FEcxm3zZvCYUTDmI85o2YhjawLx/FRCPvWfig9276QoT25dpyRVXQr7gr2JvEyUoQMzZGV+k+SpRHGhgmq9cCrKjOc0cRwJnBe8FONirIpDXEWUTNR9F2WbROqhSAEXQsM2t5wNpaxwZitN19Xh8sRZ4lcvpkvdnr/V22SbrXi1Sq1VrVYb2SL83AJV1ACD26gDg1oQgcYfMAnfME3ccg9aZHHv2iOZJ1zWAPxfwGrB27L</latexit>

! = O(q log h)construct adaptively (one sample one   ) 
<latexit sha1_base64="mdMatySmjftNJuHZ5CqLbw3CWMw=">AAABr3icZY/NTsJAFIXv4B/iH+rSDZEuXBDSouIWgwsWmmDCX0IrTscLTJh2ms7UoE0fwKdxq4/i21iwG+SsTu495+a7biC40qb5Q3Ibm1vbO/ndwt7+weFR8fikp2QUMuwyKWQ4cKlCwX3saq4FDoIQqecK7Luz5mLff8VQcel39FuAjkcnPh9zRnU6GhXLhmFrnOvlpWGr83DvxM2ry7vr2yS2XdQ0MYw0ZVbNpUrrxspMGTK1R8XIfpEs8tDXTFClhlYt0E5MQ82ZwKRgRwoDymZ0grFH9TSg77JS0pMgHQhBVwLDjuXEY+lr9Nlqc75krnichXLxWpJyWv+p1k2vVrXq1fpjrdxoZcR5OINzuAALbqABLWhDFxh8wCd8wTexSJ88kee/aI5knVNYEeG/Ej11WQ==</latexit>

β

Main problem: control the length 
<latexit sha1_base64="XssHwup3nL+c1BlQAWKC4ujPepE=">AAABknicZY9LT8JAFIXv4AvxhY+dG2K7cEFI2wUmrjBsWLjAhAIJNGQ6XnDCtDPpTI3a8Cfc6h/z31iwm8pZnZx7TvLdUAmujeP8kMrO7t7+QfWwdnR8cnpWP78YapkmDH0mhUzGIdUoeIy+4UbgWCVIo1DgKFx21/fRKyaay3hg3hUGEV3EfM4ZNXk0tu0pCmHbs7rltJyNGtvGLYwFhfqzejp9liyNMDZMUK0nrqdMkNHEcCZwVZumGhVlS7rALKLmRdEP2WyYhcoDIWipMBm4QTaXscGYlZdvmwebEWeJXNOvck73P9W2GXott91qP3lWp1cQV+EabuAWXLiDDvSgDz4wEPAJX/BNrsg9eSDdv2qFFJtLKIk8/gKalmo6</latexit>

!

: upper bound for
<latexit sha1_base64="6E8aqUQxwDNi3CrRv9DN8dwZODE=">AAABlHicZY9LT8JAFIXv4AvxhZq4cdNIFy4IabvAjQsSNHFlIOEVgZDpeKkTpjOTztSoDf/Crf4v/42A3SBndXLuOcl3Qy24sZ73Qwpb2zu7e8X90sHh0fFJ+fSsZ1SaMOwyJVQyCKlBwSV2LbcCBzpBGocC++Gsubz3XzExXMmOfdc4jmkk+ZQzahfRk+uOhIqctutOyhWv5q3kbBo/NxXI1ZqU09GzYmmM0jJBjRn6gbbjjCaWM4Hz0ig1qCmb0QizmNoXTT9U1bGRXgRC0LXCsOOPs6mSFiVbX76tXqzGnCVqyT9fcPr/qTZNL6j59Vq9HVQadzlxES7hCq7BhxtowAO0oAsMJHzCF3yTC3JLmuT+r1og+eYc1kQefwFvgGrA</latexit>

log Q<latexit sha1_base64="ukj++LMp3OVdxk2Fmy4wl3C3x30=">AAABj3icZY/NTsJAFIXv4B/iX9GlG2K7cEFIywJ2hkQXusOEAgk0ZDpecMK0M3amRm14Brf6aL6NBbupnNXJueck3w2V4Nq47g+p7Ozu7R9UD2tHxyenZ1b9fKhlmjD0mRQyGYdUo+Ax+oYbgWOVII1CgaNwebu+j14x0VzGA/OuMIjoIuZzzqjJI99xXhxnZtluy92osW28wthQqD+z0umTZGmEsWGCaj3x2soEGU0MZwJXtWmqUVG2pAvMImqeFf2QzYZZqDwQgpYKk4EXZHMZG4xZefm2+a4ZcZbINfoq5/T+U22bYbvldVqdx7bduyuIq3AJV3ANHnShB/fQBx8YcPiEL/gmddIlN6T3V62QYnMBJZGHX9EHaPA=</latexit>q
: upper bound for

<latexit sha1_base64="IMlEPcMrgLpuMQ0CIHHOMxIvuyw=">AAABj3icZY/NTsJAFIXv4B/iH+jSDbFduCCkZQE700QXusOEAgk0ZDpeyoRpZ9KZGpXwDG710XwbC3ZTOauTc89JvhsqwbVxnB9S2ds/ODyqHtdOTs/OL+qNy6GWWcrQZ1LIdBxSjYIn6BtuBI5VijQOBY7C5f3mPnrFVHOZDMy7wiCmUcLnnFGTR75tL2x7VrectrNVc9e4hbGgUH9Wz6YvkmUxJoYJqvXE7SgTrGhqOBO4rk0zjYqyJY1wFVOzUPRDtpomUnkgBC0VJgM3WM1lYjBh5eXb9rtWzFkqN+jrnNP9T7Vrhp222213nzuW91AQV+EabuAWXOiBB4/QBx8YcPiEL/gmDdIjd8T7q1ZIsbmCksjTL8aWaOc=</latexit>

h
<latexit sha1_base64="i26lGS7OkM9GgB+BV2BJmpfb9HE=">AAABlnicZU/LTsJAFL2DL8QHqBsTN8R2gQlpWha4MyRqZIkJr4Q2ZDpc6oRpZ9KZGpXwG271t/wbAbtBzurkPJJzQiW4Nq77Qwo7u3v7B8XD0tHxyWm5cnbe1zJLGfaYFDIdhlSj4An2DDcChypFGocCB+HsfuUPXjHVXCZd864wiGmU8Cln1Cwl37bbNZ9NpLmx7XHFch13jeo28XJiQY7OuJL5E8myGBPDBNV65DWUCeY0NZwJXJT8TKOibEYjnMfUvCj6IetVE6mlIATdCIy6XjCfysRgwjabb+uT9ZizVK4eLJY7vf+rtkm/4XhNp/ncsFoP+eIiXME11MCDW2hBGzrQAwYKPuELvskluSOP5OkvWiB55wI2QDq/Y2prZA==</latexit>

H(·)
<latexit sha1_base64="DvCwD7sFqBfzZhDEGiPlS83h0WE=">AAABl3icZU9NT8JAFHyLX4hfqCfjpZEePBDScsCTkURjOELCVwIN2a4P2LDdXbpboxJ+h1f9Wf4bC/aCTPKSybyZZCbUghvreT8kt7O7t3+QPywcHZ+cnhXPL7pGJTHDDlNCxf2QGhRcYsdyK7CvY6RRKLAXzh5X/94rxoYr2bbvGoOITiQfc0ZtKgWuO3funWl60nVHxZJX8dZwtomfkRJkaI6KyfBFsSRCaZmgxgz8qrbBgsaWM4HLwjAxqCmb0QkuImqnmn6osmMnOhWEoBuGQdsPFmMlLUq2mXxbryxHnMVqNWGZ9vT/t9om3WrFr1VqrWqp/pQ1zsM13MAt+HAHdWhAEzrAYA6f8AXf5Io8kGfS+LPmSJa5hA2Q1i8bk2sQ</latexit>

q = h = n for hardcore



Cooling Schedule

Oracle calls are in parallel
samples are needed

<latexit sha1_base64="s+dIMUcW4XX35PF6pkhVgnd+dzw=">AAABn3icZU/LTsJAFL2DL8QHVZZuULrAhJC2C9ySuJCVYsLLUEKmwwUnTDuTztSIDd/iVj/JvxGwG+SsTs4jOSdQgmvjOD8kt7d/cHiUPy6cnJ6dF62Ly56WScywy6SQ8SCgGgWPsGu4EThQMdIwENgP5vdrv/+GseYy6piFwlFIZxGfckbNShpbJdv2DRcTTJ+WVR+FuLXtsVVx6s4G5V3iZqQCGdpjK/EnkiUhRoYJqvXQ9ZQZpTQ2nAlcFvxEo6JsTmeYhtS8Kvoha2UzUytBCLoVGHbcUTqVkcGIbTffN29rIWexXF9Zrna6/1ftkp5Xdxv1xrNXabayxXm4ghuoggt30IQWtKELDBbwCV/wTa7JA3kk7b9ojmSdEmyBvPwCcBFu3w==</latexit>

Õ(!)

We focus on step 1: construct by calling samples
[Hub15, Kol18, HK24]: <latexit sha1_base64="2QcFQ6qL8OFuuTUuzip8W12SRTY=">AAABonicZU/LTsJAFL2DL8RX1cSNm0a6wISQlgWuTEjcEDdC5JVQQqbjpUyYdsbO1KjIz7jVH/JvBOwGOauT80jOCZTg2rjuD8ltbe/s7uX3CweHR8cn1ulZV8s0YdhhUsikH1CNgsfYMdwI7KsEaRQI7AXTu6Xfe8FEcxm3zZvCYUTDmI85o2YhjawLx/FRCPvWfig9276QoT25dpyRVXQr7gr2JvEyUoQMzZGV+k+SpRHGhgmq9cCrKjOc0cRwJnBe8FONirIpDXEWUTNR9F2WbROqhSAEXQsM2t5wNpaxwZitN19Xh8sRZ4lcvpkvdnr/V22SbrXi1Sq1VrVYb2SL83AJV1ACD26gDg1oQgcYfMAnfME3ccg9aZHHv2iOZJ1zWAPxfwGrB27L</latexit>

! = O(q log h)construct adaptively (one sample one   ) 
<latexit sha1_base64="mdMatySmjftNJuHZ5CqLbw3CWMw=">AAABr3icZY/NTsJAFIXv4B/iH+rSDZEuXBDSouIWgwsWmmDCX0IrTscLTJh2ms7UoE0fwKdxq4/i21iwG+SsTu495+a7biC40qb5Q3Ibm1vbO/ndwt7+weFR8fikp2QUMuwyKWQ4cKlCwX3saq4FDoIQqecK7Luz5mLff8VQcel39FuAjkcnPh9zRnU6GhXLhmFrnOvlpWGr83DvxM2ry7vr2yS2XdQ0MYw0ZVbNpUrrxspMGTK1R8XIfpEs8tDXTFClhlYt0E5MQ82ZwKRgRwoDymZ0grFH9TSg77JS0pMgHQhBVwLDjuXEY+lr9Nlqc75krnichXLxWpJyWv+p1k2vVrXq1fpjrdxoZcR5OINzuAALbqABLWhDFxh8wCd8wTexSJ88kee/aI5knVNYEeG/Ej11WQ==</latexit>

β

Main problem: control the length 
<latexit sha1_base64="XssHwup3nL+c1BlQAWKC4ujPepE=">AAABknicZY9LT8JAFIXv4AvxhY+dG2K7cEFI2wUmrjBsWLjAhAIJNGQ6XnDCtDPpTI3a8Cfc6h/z31iwm8pZnZx7TvLdUAmujeP8kMrO7t7+QfWwdnR8cnpWP78YapkmDH0mhUzGIdUoeIy+4UbgWCVIo1DgKFx21/fRKyaay3hg3hUGEV3EfM4ZNXk0tu0pCmHbs7rltJyNGtvGLYwFhfqzejp9liyNMDZMUK0nrqdMkNHEcCZwVZumGhVlS7rALKLmRdEP2WyYhcoDIWipMBm4QTaXscGYlZdvmwebEWeJXNOvck73P9W2GXott91qP3lWp1cQV+EabuAWXLiDDvSgDz4wEPAJX/BNrsg9eSDdv2qFFJtLKIk8/gKalmo6</latexit>

!

: upper bound for
<latexit sha1_base64="6E8aqUQxwDNi3CrRv9DN8dwZODE=">AAABlHicZY9LT8JAFIXv4AvxhZq4cdNIFy4IabvAjQsSNHFlIOEVgZDpeKkTpjOTztSoDf/Crf4v/42A3SBndXLuOcl3Qy24sZ73Qwpb2zu7e8X90sHh0fFJ+fSsZ1SaMOwyJVQyCKlBwSV2LbcCBzpBGocC++Gsubz3XzExXMmOfdc4jmkk+ZQzahfRk+uOhIqctutOyhWv5q3kbBo/NxXI1ZqU09GzYmmM0jJBjRn6gbbjjCaWM4Hz0ig1qCmb0QizmNoXTT9U1bGRXgRC0LXCsOOPs6mSFiVbX76tXqzGnCVqyT9fcPr/qTZNL6j59Vq9HVQadzlxES7hCq7BhxtowAO0oAsMJHzCF3yTC3JLmuT+r1og+eYc1kQefwFvgGrA</latexit>

log Q<latexit sha1_base64="ukj++LMp3OVdxk2Fmy4wl3C3x30=">AAABj3icZY/NTsJAFIXv4B/iX9GlG2K7cEFIywJ2hkQXusOEAgk0ZDpecMK0M3amRm14Brf6aL6NBbupnNXJueck3w2V4Nq47g+p7Ozu7R9UD2tHxyenZ1b9fKhlmjD0mRQyGYdUo+Ax+oYbgWOVII1CgaNwebu+j14x0VzGA/OuMIjoIuZzzqjJI99xXhxnZtluy92osW28wthQqD+z0umTZGmEsWGCaj3x2soEGU0MZwJXtWmqUVG2pAvMImqeFf2QzYZZqDwQgpYKk4EXZHMZG4xZefm2+a4ZcZbINfoq5/T+U22bYbvldVqdx7bduyuIq3AJV3ANHnShB/fQBx8YcPiEL/gmddIlN6T3V62QYnMBJZGHX9EHaPA=</latexit>q
: upper bound for

<latexit sha1_base64="IMlEPcMrgLpuMQ0CIHHOMxIvuyw=">AAABj3icZY/NTsJAFIXv4B/iH+jSDbFduCCkZQE700QXusOEAgk0ZDpeyoRpZ9KZGpXwDG710XwbC3ZTOauTc89JvhsqwbVxnB9S2ds/ODyqHtdOTs/OL+qNy6GWWcrQZ1LIdBxSjYIn6BtuBI5VijQOBY7C5f3mPnrFVHOZDMy7wiCmUcLnnFGTR75tL2x7VrectrNVc9e4hbGgUH9Wz6YvkmUxJoYJqvXE7SgTrGhqOBO4rk0zjYqyJY1wFVOzUPRDtpomUnkgBC0VJgM3WM1lYjBh5eXb9rtWzFkqN+jrnNP9T7Vrhp222213nzuW91AQV+EabuAWXOiBB4/QBx8YcPiEL/gmDdIjd8T7q1ZIsbmCksjTL8aWaOc=</latexit>

h
<latexit sha1_base64="i26lGS7OkM9GgB+BV2BJmpfb9HE=">AAABlnicZU/LTsJAFL2DL8QHqBsTN8R2gQlpWha4MyRqZIkJr4Q2ZDpc6oRpZ9KZGpXwG271t/wbAbtBzurkPJJzQiW4Nq77Qwo7u3v7B8XD0tHxyWm5cnbe1zJLGfaYFDIdhlSj4An2DDcChypFGocCB+HsfuUPXjHVXCZd864wiGmU8Cln1Cwl37bbNZ9NpLmx7XHFch13jeo28XJiQY7OuJL5E8myGBPDBNV65DWUCeY0NZwJXJT8TKOibEYjnMfUvCj6IetVE6mlIATdCIy6XjCfysRgwjabb+uT9ZizVK4eLJY7vf+rtkm/4XhNp/ncsFoP+eIiXME11MCDW2hBGzrQAwYKPuELvskluSOP5OkvWiB55wI2QDq/Y2prZA==</latexit>

H(·)
<latexit sha1_base64="DvCwD7sFqBfzZhDEGiPlS83h0WE=">AAABl3icZU9NT8JAFHyLX4hfqCfjpZEePBDScsCTkURjOELCVwIN2a4P2LDdXbpboxJ+h1f9Wf4bC/aCTPKSybyZZCbUghvreT8kt7O7t3+QPywcHZ+cnhXPL7pGJTHDDlNCxf2QGhRcYsdyK7CvY6RRKLAXzh5X/94rxoYr2bbvGoOITiQfc0ZtKgWuO3funWl60nVHxZJX8dZwtomfkRJkaI6KyfBFsSRCaZmgxgz8qrbBgsaWM4HLwjAxqCmb0QkuImqnmn6osmMnOhWEoBuGQdsPFmMlLUq2mXxbryxHnMVqNWGZ9vT/t9om3WrFr1VqrWqp/pQ1zsM13MAt+HAHdWhAEzrAYA6f8AXf5Io8kGfS+LPmSJa5hA2Q1i8bk2sQ</latexit>

q = h = n for hardcore

Our work: 
construct directly without any samples 

<latexit sha1_base64="loQ+LMtjB9QUbU+x0sNrtDMtWB4=">AAABpHicZU9LT8JAGPwWX4ivqhcTL400BhNC2h7wZELihYOJGCmQUCDbdSkbtt21uzUqwV/jVf+P/8aCvSBzmswjmQkkZ0rb9g8qbGxube8Ud0t7+weHR8bxSUeJNCHUI4KLpBdgRTmLqaeZ5rQnE4qjgNNuML1d+N0Xmigm4rZ+k3QQ4TBmY0awzqSRcWZZPuXcvDHvK8+mz0U4dM3JlWWNjLJds5cw14mTkzLkaI2M1H8SJI1orAnHSvUdV+rBDCeaEU7nJT9VVGIyxSGdRVhPJH4XVVOHMhM4xyuBftsZzMYi1jQmq83X5eVqxEgiFn/m2U7n/6p10nFrTr1Wf3DLjWa+uAjncAEVcOAaGtCEFnhA4AM+4Qu+0SW6Q4/I+4sWUN45hRWg4S+n3m9v</latexit>

! = O(q log2
h)

construct by calling samples in two rounds 
<latexit sha1_base64="2QcFQ6qL8OFuuTUuzip8W12SRTY=">AAABonicZU/LTsJAFL2DL8RX1cSNm0a6wISQlgWuTEjcEDdC5JVQQqbjpUyYdsbO1KjIz7jVH/JvBOwGOauT80jOCZTg2rjuD8ltbe/s7uX3CweHR8cn1ulZV8s0YdhhUsikH1CNgsfYMdwI7KsEaRQI7AXTu6Xfe8FEcxm3zZvCYUTDmI85o2YhjawLx/FRCPvWfig9276QoT25dpyRVXQr7gr2JvEyUoQMzZGV+k+SpRHGhgmq9cCrKjOc0cRwJnBe8FONirIpDXEWUTNR9F2WbROqhSAEXQsM2t5wNpaxwZitN19Xh8sRZ4lcvpkvdnr/V22SbrXi1Sq1VrVYb2SL83AJV1ACD26gDg1oQgcYfMAnfME3ccg9aZHHv2iOZJ1zWAPxfwGrB27L</latexit>

! = O(q log h)

done by a careful interpolation



Parallel Idea

[Harris, Kolmogorov 2024]: TPA process

in parallel 

<latexit sha1_base64="8Sv9ekot/2xS7tWGhT7RHOnIXp4=">AAABl3icZU/LTsJAFL2DL8QHqCvjppEuMCGk7QKXkpgYdkLCK4GGTMdLmTDtjJ2pUQnf4VY/y78RSDeVszo5j+ScQAmujeP8ksLe/sHhUfG4dHJ6dl6uXFwOtEwThn0mhUxGAdUoeIx9w43AkUqQRoHAYbB43PjDN0w0l3HPfCj0IxrGfMYZNWvJt+3n2kTI0Jrf2fa0UnUazhbWLnEzUoUMnWklnbxIlkYYGyao1mPXU8Zf0sRwJnBVmqQaFWULGuIyomau6KesWyZUa0EImguMe66/nMnYYMzyzffty3rEWSI3F1brne7/Vbtk4DXcZqPZ9aqtdra4CDdwCzVw4R5a0IYO9IHBK3zBN/yQa/JAnkiWLZCscwU5kO4fuXFrmQ==</latexit>

O(log h)

<latexit sha1_base64="1RB8bsXZm9urGE/969dpDEY9GDY=">AAABknicZY9LT8JAFIXv4AvxhY+dG2K7wIQ0bReYuMKwYWEiJrwSaMh0vNQJ087YmRqV8Cfc6h/z3wjYDXJWJ+eek3w3VIJr47o/pLC1vbO7V9wvHRweHZ+UT896WmYpwy6TQqaDkGoUPMGu4UbgQKVI41BgP5w2l/f+K6aay6Rj3hUGMY0SPuGMmkU0sO2H6su1bY/Lluu4K1U2jZcbC3K1x+Vs9CRZFmNimKBaDz1fmWBGU8OZwHlplGlUlE1phLOYmmdFP2StYiK1CISga4VhxwtmE5kYTNj68m31YC3mLJVL+vmC0/tPtWl6vuPVnfqjbzVaOXERLuEKquDBDTSgBW3oAgMBn/AF3+SC3JI70vyrFki+OYc1kftf/CNpsg==</latexit>

O(q) in sequential 

……

Merge     Poisson Point Process
in the               -coordinate
       with rate 

<latexit sha1_base64="x7VKZQlLFt2hhJcZVlKwK+6XKTo=">AAABnXicZU/LTsJAFL2DL8QHRZcuJNIFJoS0XeCWxJiwMAYTXpESMh0udcK0M+lMfRE+xa1+k38jYDfIWZ2cR3JOoATXxnF+SG5nd2//IH9YODo+OS1apbOelmnCsMukkMkgoBoFj7FruBE4UAnSKBDYD2a3K7//gonmMu6Yd4WjiIYxn3JGzVIaWyXb9oUMy09Vn02kubbtsVVx6s4a5W3iZqQCGdpjK/UnkqURxoYJqvXQ9ZQZzWliOBO4KPipRkXZjIY4j6h5VvRD1somVEtBCLoRGHbc0XwqY4Mx22y+rb/WIs4SuTqyWO50/6/aJj2v7jbqjUev0mxli/NwAVdQBRduoAktaEMXGLzCJ3zBN7kkd+SePPxFcyTrnMMGSP8Xtr9tmw==</latexit>

log Z(·)
<latexit sha1_base64="S3Gk7f4Hmb2zAsidpbyQq054e50=">AAABnnicZU/LTsJAFL2DL8QHFZduGukCE0LaLnBLYmLYGDHhlVBCpuOlTJh2Jp2pQQm/4lZ/yb8RsBvkrE7OIzknVIJr47o/pHBweHR8UjwtnZ1fXJatq0pfyyxl2GNSyHQYUo2CJ9gz3AgcqhRpHAochPOHjT94w1RzmXTNu8JxTKOETzmjZi1NrIrjBN0ZGloLhIzs2Z3jTKyq23C3sPeJl5Mq5OhMrCx4lSyLMTFMUK1Hnq/MeElTw5nAVSnINCrK5jTCZUzNTNEPWbdNpNaCEHQnMOp64+VUJgYTtttcbM/WY85SuXmyWu/0/q/aJ32/4TUbzRe/2mrni4twA7dQAw/uoQVt6EAPGCzgE77gm9jkkTyR579ogeSda9gBGf4CSjht/w==</latexit>

Θ(log h)

: upper bound for
<latexit sha1_base64="6E8aqUQxwDNi3CrRv9DN8dwZODE=">AAABlHicZY9LT8JAFIXv4AvxhZq4cdNIFy4IabvAjQsSNHFlIOEVgZDpeKkTpjOTztSoDf/Crf4v/42A3SBndXLuOcl3Qy24sZ73Qwpb2zu7e8X90sHh0fFJ+fSsZ1SaMOwyJVQyCKlBwSV2LbcCBzpBGocC++Gsubz3XzExXMmOfdc4jmkk+ZQzahfRk+uOhIqctutOyhWv5q3kbBo/NxXI1ZqU09GzYmmM0jJBjRn6gbbjjCaWM4Hz0ig1qCmb0QizmNoXTT9U1bGRXgRC0LXCsOOPs6mSFiVbX76tXqzGnCVqyT9fcPr/qTZNL6j59Vq9HVQadzlxES7hCq7BhxtowAO0oAsMJHzCF3yTC3JLmuT+r1og+eYc1kQefwFvgGrA</latexit>

log Q<latexit sha1_base64="ukj++LMp3OVdxk2Fmy4wl3C3x30=">AAABj3icZY/NTsJAFIXv4B/iX9GlG2K7cEFIywJ2hkQXusOEAgk0ZDpecMK0M3amRm14Brf6aL6NBbupnNXJueck3w2V4Nq47g+p7Ozu7R9UD2tHxyenZ1b9fKhlmjD0mRQyGYdUo+Ax+oYbgWOVII1CgaNwebu+j14x0VzGA/OuMIjoIuZzzqjJI99xXhxnZtluy92osW28wthQqD+z0umTZGmEsWGCaj3x2soEGU0MZwJXtWmqUVG2pAvMImqeFf2QzYZZqDwQgpYKk4EXZHMZG4xZefm2+a4ZcZbINfoq5/T+U22bYbvldVqdx7bduyuIq3AJV3ANHnShB/fQBx8YcPiEL/gmddIlN6T3V62QYnMBJZGHX9EHaPA=</latexit>q
: upper bound for

<latexit sha1_base64="IMlEPcMrgLpuMQ0CIHHOMxIvuyw=">AAABj3icZY/NTsJAFIXv4B/iH+jSDbFduCCkZQE700QXusOEAgk0ZDpeyoRpZ9KZGpXwDG710XwbC3ZTOauTc89JvhsqwbVxnB9S2ds/ODyqHtdOTs/OL+qNy6GWWcrQZ1LIdBxSjYIn6BtuBI5VijQOBY7C5f3mPnrFVHOZDMy7wiCmUcLnnFGTR75tL2x7VrectrNVc9e4hbGgUH9Wz6YvkmUxJoYJqvXE7SgTrGhqOBO4rk0zjYqyJY1wFVOzUPRDtpomUnkgBC0VJgM3WM1lYjBh5eXb9rtWzFkqN+jrnNP9T7Vrhp222213nzuW91AQV+EabuAWXOiBB4/QBx8YcPiEL/gmDdIjd8T7q1ZIsbmCksjTL8aWaOc=</latexit>

h
<latexit sha1_base64="i26lGS7OkM9GgB+BV2BJmpfb9HE=">AAABlnicZU/LTsJAFL2DL8QHqBsTN8R2gQlpWha4MyRqZIkJr4Q2ZDpc6oRpZ9KZGpXwG271t/wbAbtBzurkPJJzQiW4Nq77Qwo7u3v7B8XD0tHxyWm5cnbe1zJLGfaYFDIdhlSj4An2DDcChypFGocCB+HsfuUPXjHVXCZd864wiGmU8Cln1Cwl37bbNZ9NpLmx7XHFch13jeo28XJiQY7OuJL5E8myGBPDBNV65DWUCeY0NZwJXJT8TKOibEYjnMfUvCj6IetVE6mlIATdCIy6XjCfysRgwjabb+uT9ZizVK4eLJY7vf+rtkm/4XhNp/ncsFoP+eIiXME11MCDW2hBGzrQAwYKPuELvskluSOP5OkvWiB55wI2QDq/Y2prZA==</latexit>

H(·)
<latexit sha1_base64="DvCwD7sFqBfzZhDEGiPlS83h0WE=">AAABl3icZU9NT8JAFHyLX4hfqCfjpZEePBDScsCTkURjOELCVwIN2a4P2LDdXbpboxJ+h1f9Wf4bC/aCTPKSybyZZCbUghvreT8kt7O7t3+QPywcHZ+cnhXPL7pGJTHDDlNCxf2QGhRcYsdyK7CvY6RRKLAXzh5X/94rxoYr2bbvGoOITiQfc0ZtKgWuO3funWl60nVHxZJX8dZwtomfkRJkaI6KyfBFsSRCaZmgxgz8qrbBgsaWM4HLwjAxqCmb0QkuImqnmn6osmMnOhWEoBuGQdsPFmMlLUq2mXxbryxHnMVqNWGZ9vT/t9om3WrFr1VqrWqp/pQ1zsM13MAt+HAHdWhAEzrAYA6f8AXf5Io8kGfS+LPmSJa5hA2Q1i8bk2sQ</latexit>

q = h = n for hardcore

<latexit sha1_base64="tHpIQggCcV6s04CxHjmmgZno6jw=">AAAB0HicZZA7T8MwFIWd8irlFWBksWiGVqqipEOZkCrB0I2C+hJ1FTmuG6zasRU7qBBViJWfwq9hLb+GvpbSMx3d+x3p3BsqzrTxvJmV29nd2z/IHxaOjk9Oz+zzi46WaUJom0guk16INeUspm3DDKc9lVAsQk674fhuse++0kQzGbfMm6IDgaOYjRjBZj4K7HvHeS6hkBpchrcQ6VQEGdIsEhgiFkP0IGiEpxDRiVphEJGhNLBRWlHlsus4gV30XG8puG38tSmCtZqBnaKhJKmgsSEca933q8oMMpwYRjidFlCqqcJkjCOaCWxeFH6XFWgiNR9wjjeAfssfZCMZGxqTzeRk+Z6KYCSRi9un857+/1bbplN1/Zpbe6wW64114zy4AtegBHxwA+qgAZqgDQj4Bj9gBn6tJ2tifVifKzRnrTOXYEPW1x/0b4ED</latexit>

Z(β) = ∑
σ∈Ω

exp(β · H(σ)).
<latexit sha1_base64="sk0KywdSOy7NHMC4j8F86jo7kwk=">AAABnHicZU/LSsNAFL1TX7U+GnUpSLFZuCgl6aJuC7ooiFChL2hCmIy3degkM2QmpRr6J271n/wb05pN7VkdzgPOCZXg2jjODynt7R8cHpWPKyenZ+dV6+JyqGWaMBwwKWQyDqlGwWMcGG4EjlWCNAoFjsL5w9ofLTDRXMZ9867Qj+gs5lPOqMmlwLJs2wvR0CDzIrpc2XZg1Z2ms0Ftl7gFqUOBXmCl3qtkaYSxYYJqPXFbyvgZTQxnAlcVL9WoKJvTGWYRNW+KfshGzcxULghBtwKTvutnUxkbjNl2c7m52og4S+T6xyrf6f5ftUuGrabbbrZfWvVOt1hchmu4hTtw4R460IUeDIDBAj7hC77JDXkkT+T5L1oiRecKtkCGvyedbhM=</latexit>

βmax
<latexit sha1_base64="tK9mybJWws1fB5vBtPbZOAFozm4=">AAABnHicZU/LSsNAFL1TX7W+oi4FKTYLF6UkWdRtQRcFESr0BU0Jk/G2Dp3MDJlJUUP/xK3+k39jW7OpPavDecA5sRbcWM/7IaWd3b39g/Jh5ej45PTMOb/oG5WlDHtMCZUOY2pQcIk9y63AoU6RJrHAQTy7X/mDOaaGK9m17xrHCZ1KPuGM2qUUOY7rhjFaGuVhwuXCdSOn5jW8NarbxC9IDQp0IicLXxTLEpSWCWrMyA+0Hec0tZwJXFTCzKCmbEanmCfUvmr6oepVO9VLQQi6ERh1/XE+UdKiZJvNt/XVesJZqlY/Fsud/v9V26QfNPxmo/kc1FrtYnEZruAGbsGHO2hBGzrQAwZz+IQv+CbX5IE8kqe/aIkUnUvYAOn/AiVRbhE=</latexit>

βmin

<latexit sha1_base64="2QcFQ6qL8OFuuTUuzip8W12SRTY=">AAABonicZU/LTsJAFL2DL8RX1cSNm0a6wISQlgWuTEjcEDdC5JVQQqbjpUyYdsbO1KjIz7jVH/JvBOwGOauT80jOCZTg2rjuD8ltbe/s7uX3CweHR8cn1ulZV8s0YdhhUsikH1CNgsfYMdwI7KsEaRQI7AXTu6Xfe8FEcxm3zZvCYUTDmI85o2YhjawLx/FRCPvWfig9276QoT25dpyRVXQr7gr2JvEyUoQMzZGV+k+SpRHGhgmq9cCrKjOc0cRwJnBe8FONirIpDXEWUTNR9F2WbROqhSAEXQsM2t5wNpaxwZitN19Xh8sRZ4lcvpkvdnr/V22SbrXi1Sq1VrVYb2SL83AJV1ACD26gDg1oQgcYfMAnfME3ccg9aZHHv2iOZJ1zWAPxfwGrB27L</latexit>

! = O(q log h)



Parallel Idea

Our work

Start from a non-adaptive schedule 

Sparsify by random deleting

Repeat one-step TPA process 
from points in the sparse schedule

<latexit sha1_base64="2QcFQ6qL8OFuuTUuzip8W12SRTY=">AAABonicZU/LTsJAFL2DL8RX1cSNm0a6wISQlgWuTEjcEDdC5JVQQqbjpUyYdsbO1KjIz7jVH/JvBOwGOauT80jOCZTg2rjuD8ltbe/s7uX3CweHR8cn1ulZV8s0YdhhUsikH1CNgsfYMdwI7KsEaRQI7AXTu6Xfe8FEcxm3zZvCYUTDmI85o2YhjawLx/FRCPvWfig9276QoT25dpyRVXQr7gr2JvEyUoQMzZGV+k+SpRHGhgmq9cCrKjOc0cRwJnBe8FONirIpDXEWUTNR9F2WbROqhSAEXQsM2t5wNpaxwZitN19Xh8sRZ4lcvpkvdnr/V22SbrXi1Sq1VrVYb2SL83AJV1ACD26gDg1oQgcYfMAnfME3ccg9aZHHv2iOZJ1zWAPxfwGrB27L</latexit>

! = O(q log h)

<latexit sha1_base64="2QcFQ6qL8OFuuTUuzip8W12SRTY=">AAABonicZU/LTsJAFL2DL8RX1cSNm0a6wISQlgWuTEjcEDdC5JVQQqbjpUyYdsbO1KjIz7jVH/JvBOwGOauT80jOCZTg2rjuD8ltbe/s7uX3CweHR8cn1ulZV8s0YdhhUsikH1CNgsfYMdwI7KsEaRQI7AXTu6Xfe8FEcxm3zZvCYUTDmI85o2YhjawLx/FRCPvWfig9276QoT25dpyRVXQr7gr2JvEyUoQMzZGV+k+SpRHGhgmq9cCrKjOc0cRwJnBe8FONirIpDXEWUTNR9F2WbROqhSAEXQsM2t5wNpaxwZitN19Xh8sRZ4lcvpkvdnr/V22SbrXi1Sq1VrVYb2SL83AJV1ACD26gDg1oQgcYfMAnfME3ccg9aZHHv2iOZJ1zWAPxfwGrB27L</latexit>

! = O(q log h)

<latexit sha1_base64="VAfrQAlNyS/X8u3vK9ORc/pwhuc=">AAABm3icZU9bSwJBGP3GbmYXt3qMYMl9MBDZ3Qd7CgRfJIIMXBVUZHb6tMHZnXFnNirxl/RaP6p/k9q+mOfpcC5wTqgE18Z1f0huZ3dv/yB/WDg6PjktWmfnHS3ThGHApJBJL6QaBY8xMNwI7KkEaRQK7IbTxsrvvmKiuYzb5l3hMKKTmI85o2Ypjayi4wxQCPvOfizPbhxnZJXcqruGvU28jJQgQ2tkpYNnydIIY8ME1brv+coM5zQxnAlcFAapRkXZlE5wHlHzouiHrNhmopaCEHQj0G97w/lYxgZjttl8Wz+tRJwlcnVjsdzp/V+1TTp+1atVa09+qd7MFufhEq6hDB7cQh2a0IIAGKTwCV/wTa5Ig9yTh79ojmSdC9gACX4B5nZsPw==</latexit>

! = O(q)

<latexit sha1_base64="S3Gk7f4Hmb2zAsidpbyQq054e50=">AAABnnicZU/LTsJAFL2DL8QHFZduGukCE0LaLnBLYmLYGDHhlVBCpuOlTJh2Jp2pQQm/4lZ/yb8RsBvkrE7OIzknVIJr47o/pHBweHR8UjwtnZ1fXJatq0pfyyxl2GNSyHQYUo2CJ9gz3AgcqhRpHAochPOHjT94w1RzmXTNu8JxTKOETzmjZi1NrIrjBN0ZGloLhIzs2Z3jTKyq23C3sPeJl5Mq5OhMrCx4lSyLMTFMUK1Hnq/MeElTw5nAVSnINCrK5jTCZUzNTNEPWbdNpNaCEHQnMOp64+VUJgYTtttcbM/WY85SuXmyWu/0/q/aJ32/4TUbzRe/2mrni4twA7dQAw/uoQVt6EAPGCzgE77gm9jkkTyR579ogeSda9gBGf4CSjht/w==</latexit>

Θ(log h)rate

<latexit sha1_base64="gvm2wFwfKeNT764gA7Lwfwnedug=">AAABl3icZU/LTsJAFL2DL8RX1ZVxQ6QLTAjpdIFLSUwMS0h4JdCQ6XiBCdPO2JkalfAdbvWz/BsL6QY5q5PzSM4JtRTGet4vKeztHxweFY9LJ6dn5xfO5VXfqDTh2ONKqmQYMoNSxNizwkoc6gRZFEochIuntT94w8QIFXfth8YgYrNYTAVnNpMC1x1352hZld677sSpeHVvg/IuoTmpQI72xEnHL4qnEcaWS2bMiPraBkuWWMElrkrj1KBmfMFmuIyYnWv2qWplO9OZICXbCoy6NFhOVWwx5tvN983LWiR4otYXVtlO+n/VLun7ddqoNzp+pdnKFxfhFu6gChQeoAktaEMPOLzCF3zDD7khj+SZ5NkCyTvXsAXS+QPLS2un</latexit>

Θ(1)rateone round
sampling

one round
sampling

: upper bound for
<latexit sha1_base64="6E8aqUQxwDNi3CrRv9DN8dwZODE=">AAABlHicZY9LT8JAFIXv4AvxhZq4cdNIFy4IabvAjQsSNHFlIOEVgZDpeKkTpjOTztSoDf/Crf4v/42A3SBndXLuOcl3Qy24sZ73Qwpb2zu7e8X90sHh0fFJ+fSsZ1SaMOwyJVQyCKlBwSV2LbcCBzpBGocC++Gsubz3XzExXMmOfdc4jmkk+ZQzahfRk+uOhIqctutOyhWv5q3kbBo/NxXI1ZqU09GzYmmM0jJBjRn6gbbjjCaWM4Hz0ig1qCmb0QizmNoXTT9U1bGRXgRC0LXCsOOPs6mSFiVbX76tXqzGnCVqyT9fcPr/qTZNL6j59Vq9HVQadzlxES7hCq7BhxtowAO0oAsMJHzCF3yTC3JLmuT+r1og+eYc1kQefwFvgGrA</latexit>

log Q<latexit sha1_base64="ukj++LMp3OVdxk2Fmy4wl3C3x30=">AAABj3icZY/NTsJAFIXv4B/iX9GlG2K7cEFIywJ2hkQXusOEAgk0ZDpecMK0M3amRm14Brf6aL6NBbupnNXJueck3w2V4Nq47g+p7Ozu7R9UD2tHxyenZ1b9fKhlmjD0mRQyGYdUo+Ax+oYbgWOVII1CgaNwebu+j14x0VzGA/OuMIjoIuZzzqjJI99xXhxnZtluy92osW28wthQqD+z0umTZGmEsWGCaj3x2soEGU0MZwJXtWmqUVG2pAvMImqeFf2QzYZZqDwQgpYKk4EXZHMZG4xZefm2+a4ZcZbINfoq5/T+U22bYbvldVqdx7bduyuIq3AJV3ANHnShB/fQBx8YcPiEL/gmddIlN6T3V62QYnMBJZGHX9EHaPA=</latexit>q
: upper bound for

<latexit sha1_base64="IMlEPcMrgLpuMQ0CIHHOMxIvuyw=">AAABj3icZY/NTsJAFIXv4B/iH+jSDbFduCCkZQE700QXusOEAgk0ZDpeyoRpZ9KZGpXwDG710XwbC3ZTOauTc89JvhsqwbVxnB9S2ds/ODyqHtdOTs/OL+qNy6GWWcrQZ1LIdBxSjYIn6BtuBI5VijQOBY7C5f3mPnrFVHOZDMy7wiCmUcLnnFGTR75tL2x7VrectrNVc9e4hbGgUH9Wz6YvkmUxJoYJqvXE7SgTrGhqOBO4rk0zjYqyJY1wFVOzUPRDtpomUnkgBC0VJgM3WM1lYjBh5eXb9rtWzFkqN+jrnNP9T7Vrhp222213nzuW91AQV+EabuAWXOiBB4/QBx8YcPiEL/gmDdIjd8T7q1ZIsbmCksjTL8aWaOc=</latexit>

h
<latexit sha1_base64="i26lGS7OkM9GgB+BV2BJmpfb9HE=">AAABlnicZU/LTsJAFL2DL8QHqBsTN8R2gQlpWha4MyRqZIkJr4Q2ZDpc6oRpZ9KZGpXwG271t/wbAbtBzurkPJJzQiW4Nq77Qwo7u3v7B8XD0tHxyWm5cnbe1zJLGfaYFDIdhlSj4An2DDcChypFGocCB+HsfuUPXjHVXCZd864wiGmU8Cln1Cwl37bbNZ9NpLmx7XHFch13jeo28XJiQY7OuJL5E8myGBPDBNV65DWUCeY0NZwJXJT8TKOibEYjnMfUvCj6IetVE6mlIATdCIy6XjCfysRgwjabb+uT9ZizVK4eLJY7vf+rtkm/4XhNp/ncsFoP+eIiXME11MCDW2hBGzrQAwYKPuELvskluSOP5OkvWiB55wI2QDq/Y2prZA==</latexit>

H(·)
<latexit sha1_base64="DvCwD7sFqBfzZhDEGiPlS83h0WE=">AAABl3icZU9NT8JAFHyLX4hfqCfjpZEePBDScsCTkURjOELCVwIN2a4P2LDdXbpboxJ+h1f9Wf4bC/aCTPKSybyZZCbUghvreT8kt7O7t3+QPywcHZ+cnhXPL7pGJTHDDlNCxf2QGhRcYsdyK7CvY6RRKLAXzh5X/94rxoYr2bbvGoOITiQfc0ZtKgWuO3funWl60nVHxZJX8dZwtomfkRJkaI6KyfBFsSRCaZmgxgz8qrbBgsaWM4HLwjAxqCmb0QkuImqnmn6osmMnOhWEoBuGQdsPFmMlLUq2mXxbryxHnMVqNWGZ9vT/t9om3WrFr1VqrWqp/pQ1zsM13MAt+HAHdWhAEzrAYA6f8AXf5Io8kGfS+LPmSJa5hA2Q1i8bk2sQ</latexit>

q = h = n for hardcore



Summary
Finite state set 

<latexit sha1_base64="ggzB0qd3QqmPA+3o0uxOmtgtPwo=">AAABlHicZY9LT8JAFIXv4AvxhZq4cUNsFy4IabvAjQsSYsJKMeEVgZDpeKkTpjOTztSoDf/Crf4v/42A3SBndXLuOcl3Qy24sZ73Qwpb2zu7e8X90sHh0fFJ+fSsZ1SaMOwyJVQyCKlBwSV2LbcCBzpBGocC++Gsubz3XzExXMmOfdc4jmkk+ZQzahfRk+uOHmKMqOtOyo5X81aqbBo/Nw7kak/K6ehZsTRGaZmgxgz9QNtxRhPLmcB5aZQa1JTNaIRZTO2Lph+qWrGRXgRC0LXCsOOPs6mSFiVbX76tXqzGnCVqyT9fcPr/qTZNL6j59Vr9MXAarZy4CJdwBdfgww00oAVt6AIDCZ/wBd/kgtySJrn7qxZIvjmHNZH7X68javo=</latexit>

Ω Hamiltonian function
<latexit sha1_base64="QKiKtR6gMsIqkU/TnVXDhkENvZk=">AAABsHicZU87TsNAFHwbfiH8DJQ0FnFBEUW2iyBRRaJxR0D5SXFkrZcXs2TtXdlrBFi+AKehhZtwG5LgJmSq0bwZvZlQCZ5p2/4hta3tnd29+n7j4PDo+MQ4PRtmMk8ZDpgUMh2HNEPBExxorgWOVYo0DgWOwvnt8j56wTTjMunrN4XTmEYJn3FG9UIKDMuyvBvTv4sxoqavpenHVD+FYfFQBoUfoWmXlhUYTbttr2BuEqciTajQC4zcf5QsjzHRTNAsmziu0tOCppozgWXDzzNUlM1phMXyn6LvsmXqSC0EIeiaYdJ3psVMJhoTtp58Xc1vxZylcrmtXPR0/rfaJEO37XTanXu32fWqxnW4gEu4AgeuoQse9GAADD7gE77gm7hkTAJC/6w1UmXOYQ3k+Rf4XHUz</latexit>

H : Ω → R≥0

<latexit sha1_base64="/gLeL3mic1YzQkw7WrPL5t+g4V0=">AAAB8nicZVC7TsMwAHTKq5RXgJHFohlaqYqSDmWtxNKNIvUl1SVyXCdYdWLjOKgQ9UfYECufwg/wG6ww0EcYSm863UM6nS85S7TjfBqFre2d3b3ifung8Oj4xDw96yUiVYR2ieBCDXycUM5i2tVMczqQiuLI57TvT64Xfv+RqoSJuKOfJB1FOIxZwAjWc8kzA8tCgVCYc4gSFkYYIhZDdBPRENcgekjxGKIovctW0szLkE81nlVW6SpEUgmpBUR0KitLDyIyFhq2/iJV27I8s+zYzhJwk7g5KYMcbc9M0ViQNKKxJhwnydCtSz3KsNKMcDoroTShEpMJDmkWYX0v8bOoQR3KucA5XgsMO+4oC0SsaUzWm9PlgbWIESUW78zmO93/qzZJr267DbtxWy83W/niIrgAl6ACXHAFmqAF2qALCPgAX+Ab/BjaeDFejbdVtGDknXOwBuP9F3UCj6Q=</latexit>

∀σ ∈ Ω, µΩ
β (σ) ∝ exp(β · H(σ)).Gibbs distribution

<latexit sha1_base64="tHpIQggCcV6s04CxHjmmgZno6jw=">AAAB0HicZZA7T8MwFIWd8irlFWBksWiGVqqipEOZkCrB0I2C+hJ1FTmuG6zasRU7qBBViJWfwq9hLb+GvpbSMx3d+x3p3BsqzrTxvJmV29nd2z/IHxaOjk9Oz+zzi46WaUJom0guk16INeUspm3DDKc9lVAsQk674fhuse++0kQzGbfMm6IDgaOYjRjBZj4K7HvHeS6hkBpchrcQ6VQEGdIsEhgiFkP0IGiEpxDRiVphEJGhNLBRWlHlsus4gV30XG8puG38tSmCtZqBnaKhJKmgsSEca933q8oMMpwYRjidFlCqqcJkjCOaCWxeFH6XFWgiNR9wjjeAfssfZCMZGxqTzeRk+Z6KYCSRi9un857+/1bbplN1/Zpbe6wW64114zy4AtegBHxwA+qgAZqgDQj4Bj9gBn6tJ2tifVifKzRnrTOXYEPW1x/0b4ED</latexit>

Z(β) = ∑
σ∈Ω

exp(β · H(σ)).The partition function

Goal: estimate the ratio                                           within error  <latexit sha1_base64="Kgv+g2cjxPXXiMzT7EVV7qeg5zI=">AAABm3icZU/LTgIxFL3FF+KDUZfGhMgsXBAywwK2JGyIcYEJAyRASKdesKHTNm2HqIQvcasf5d8IOBvkrE7OIzkn1oJbFwQ/JHdweHR8kj8tnJ1fXBa9q+ueValhGDEllBnE1KLgEiPHncCBNkiTWGA/nrc2fn+BxnIlu+5d4zihM8mnnFG3liZe0fdHC2pQWy6U9P2JVw6qwRalfRJmpAwZOhMvHb0oliYoHRPU2mFY0268pMZxJnBVGKUWNWVzOsNlQt2rph+qUnIzvRaEoDuBYTccL6dKOpRst/m2fVpJODNqc2O13hn+X7VPerVqWK/Wn2vlZjtbnIdbuIcHCKEBTWhDByJgkMInfME3uSMt8kie/qI5knVuYAck+gWf9G23</latexit>ε
<latexit sha1_base64="BjTToONFEUwujF/vHZeFX0pP4YQ=">AAABtnicZVDLTsJAFL3FF+Kr6tJNI12AIdiyQDcmJG5YQsIrUmym46VOmHYm7dSgTf/Br3Grv+HfCNiFyFmdnHtOcs71JGexsqxvrbC1vbO7V9wvHRweHZ/op2eDWCQRxT4VXEQjj8TIWYh9xRTHkYyQBB7HoTe7X96HLxjFTIQ99SpxEhA/ZFNGiVpIrn5lml3jznioOB4q4qZOQOZZ1bg2/koszKqm6eplq26tYGwSOydlyNFx9cR5EjQJMFSUkzge2w2pJimJFKMcs5KTxCgJnREf04CoZ0neRM1QvlwInJM1w7hnT9KpCBWGdD05Xz2hFjAaieXCbNHT/t9qkwwadbtZb3Yb5VY7b1yEC7iECthwAy1oQwf6QOEdPuATvrRb7VFDzf+1FrQ8cw5r0OQPi692uQ==</latexit>

Q = Z(βmax)/Z(βmin)

Given sampling oracle for                                           , 
<latexit sha1_base64="1nNjK/nmbNyB1z8Adw+lrwfCIQ4=">AAAB3nicZVC5TsNAFFxzhnAZKGlWxAVFFNkpQhuJJh0B5ZJiY9abF7PKHpa9RgHLLR2i5VP4FRpa+AycECGFTDVvZp40miDiLNG2/WGsrW9sbm2Xdsq7e/sHh+bRcS9RaUyhSxVX8SAgCXAmoauZ5jCIYiAi4NAPJpczv/8AccKU7OjHCDxBQsnGjBJdSL55Y1muSG8z90pASHI/cwPQJMeuhqmWKhaEZ5jIES6kmYNdJvFwTousYDKv4r+LTHPPsnyzYtfsOfAqcRakghZo+2bqjhRNBUhNOUmSoVOPtJeRWDPKIS+7aQIRoRMSQiaIvo/Ik6piHUaFwDlZCgw7jpeNldQg6fLndD5WVTAaq9kSedHT+d9qlfTqNadRa1zXK83WonEJnaIzdI4cdIGaqIXaqIsoekef6At9G3fGs/FivP5G14zFzwlagvH2AwnGiYI=</latexit>

µΩ
β and β ∈ [βmin, βmax]

there exists an algorithm using one round of sampling using                           samples;

there exists an algorithm using three rounds of sampling using                         samples.

<latexit sha1_base64="rFGhKlEtYQFOreX4H/Hh7SoeGx0=">AAABrnicZU9LT8JAGPyKL8RX1aOXBnrABEnbA15JvHATE14JLc12XcqG7e7a3RK14e6v8ap/xX8jYC/InCbzSGYiyajSjvNjlPb2Dw6PyseVk9Oz8wvz8mqgRJZi0seCiXQUIUUY5aSvqWZkJFOCkoiRYTR/WPvDBUkVFbyn3yQJEhRzOqUY6ZUUmlXbfqy/WP4CpUQqygSf5Hfe0vKZiCeeNbu17dCsOU1nA2uXuAWpQYFuaGb+s8BZQrjGDCk1dj2pgxylmmJGlhU/U0QiPEcxyROkZxK9i4alY7kSGENbgXHPDfKp4JpwvN183ZxvJBSnYv1sudrp/l+1SwZe0201W09erd0pFpfhBqpQBxfuoQ0d6EIfMHzAJ3zBt+EYAyMwwr9oySg617AFY/YLjVd0MQ==</latexit>

O(qε−2 log2
h)

<latexit sha1_base64="jhZbymvS3Aqy3PdeDIWHlqVXz/g=">AAABrHicZU9LT8JAGPyKL8RX1aOXRnrABJu2B7ySeOEmJrwSWsl2XcqGbXfd3RK16dVf41X/i/9GwF6QOU3mkcxEglGlXffHqOzs7u0fVA9rR8cnp2fm+cVA8Uxi0seccTmKkCKMpqSvqWZkJCRBScTIMJrfr/zhgkhFedrTb4KECYpTOqUY6aU0MS3bfmi8WMECSSIUZTx9ym/9wgoYj63ZjW1PzLrruGtY28QrSR1KdCdmFjxznCUk1ZghpcaeL3SYI6kpZqSoBZkiAuE5ikmeID0T6J03LR2LpcAY2giMe16YT3mqSYo3m6/r682EYslXv4rlTu//qm0y8B2v5bQe/Xq7Uy6uwhVcQwM8uIM2dKALfcDwAZ/wBd+GY/SMsRH+RStG2bmEDRjTX4ecc40=</latexit>

O(qε−2 log h)

Open Problem: Is one / two round of sampling +                         samples possible?
<latexit sha1_base64="NFHloewLsJ+dsGNtJm3oHmyxM+A=">AAABxnicZU9LT8JAGNziC/FV9eilkR4wQdI2Bown1MT0oBETXgmtZLsuZcO2u3a3iDZN/Cn+Gq969d8I2Asyp8l8M19mPE6JkIbxo+RWVtfWN/Kbha3tnd09df+gLVgcIdxCjLKo60GBKQlxSxJJcZdHGAYexR1vdD27d8Y4EoSFTfnKsRtAPyQDgqCcSn31QtcdiSdy/qlnN+9u3eTssnZzdZ4m96VnzRnDCHNBKAsfk1Mr1RzKfG14kup6Xy0aFWMObZmYGSmCDI2+GjtPDMUBDiWiUIieaXHpJjCSBFGcFpxYYA7RCPo4CaAccvjGypr0+VSgFC4Yek3TTQYslDhEi8nJfEo5IChis8XptKf5v9UyaVsVs1qpPljFup01zoMjcAxKwAQ1UAc2aIAWQOADfIIv8K3YSqjEysufNadkmUOwAOX9F+T/fho=</latexit>

O(qε−2 log h)

: upper bound for
<latexit sha1_base64="6E8aqUQxwDNi3CrRv9DN8dwZODE=">AAABlHicZY9LT8JAFIXv4AvxhZq4cdNIFy4IabvAjQsSNHFlIOEVgZDpeKkTpjOTztSoDf/Crf4v/42A3SBndXLuOcl3Qy24sZ73Qwpb2zu7e8X90sHh0fFJ+fSsZ1SaMOwyJVQyCKlBwSV2LbcCBzpBGocC++Gsubz3XzExXMmOfdc4jmkk+ZQzahfRk+uOhIqctutOyhWv5q3kbBo/NxXI1ZqU09GzYmmM0jJBjRn6gbbjjCaWM4Hz0ig1qCmb0QizmNoXTT9U1bGRXgRC0LXCsOOPs6mSFiVbX76tXqzGnCVqyT9fcPr/qTZNL6j59Vq9HVQadzlxES7hCq7BhxtowAO0oAsMJHzCF3yTC3JLmuT+r1og+eYc1kQefwFvgGrA</latexit>

log Q<latexit sha1_base64="ukj++LMp3OVdxk2Fmy4wl3C3x30=">AAABj3icZY/NTsJAFIXv4B/iX9GlG2K7cEFIywJ2hkQXusOEAgk0ZDpecMK0M3amRm14Brf6aL6NBbupnNXJueck3w2V4Nq47g+p7Ozu7R9UD2tHxyenZ1b9fKhlmjD0mRQyGYdUo+Ax+oYbgWOVII1CgaNwebu+j14x0VzGA/OuMIjoIuZzzqjJI99xXhxnZtluy92osW28wthQqD+z0umTZGmEsWGCaj3x2soEGU0MZwJXtWmqUVG2pAvMImqeFf2QzYZZqDwQgpYKk4EXZHMZG4xZefm2+a4ZcZbINfoq5/T+U22bYbvldVqdx7bduyuIq3AJV3ANHnShB/fQBx8YcPiEL/gmddIlN6T3V62QYnMBJZGHX9EHaPA=</latexit>q
: upper bound for

<latexit sha1_base64="IMlEPcMrgLpuMQ0CIHHOMxIvuyw=">AAABj3icZY/NTsJAFIXv4B/iH+jSDbFduCCkZQE700QXusOEAgk0ZDpeyoRpZ9KZGpXwDG710XwbC3ZTOauTc89JvhsqwbVxnB9S2ds/ODyqHtdOTs/OL+qNy6GWWcrQZ1LIdBxSjYIn6BtuBI5VijQOBY7C5f3mPnrFVHOZDMy7wiCmUcLnnFGTR75tL2x7VrectrNVc9e4hbGgUH9Wz6YvkmUxJoYJqvXE7SgTrGhqOBO4rk0zjYqyJY1wFVOzUPRDtpomUnkgBC0VJgM3WM1lYjBh5eXb9rtWzFkqN+jrnNP9T7Vrhp222213nzuW91AQV+EabuAWXOiBB4/QBx8YcPiEL/gmDdIjd8T7q1ZIsbmCksjTL8aWaOc=</latexit>

h
<latexit sha1_base64="i26lGS7OkM9GgB+BV2BJmpfb9HE=">AAABlnicZU/LTsJAFL2DL8QHqBsTN8R2gQlpWha4MyRqZIkJr4Q2ZDpc6oRpZ9KZGpXwG271t/wbAbtBzurkPJJzQiW4Nq77Qwo7u3v7B8XD0tHxyWm5cnbe1zJLGfaYFDIdhlSj4An2DDcChypFGocCB+HsfuUPXjHVXCZd864wiGmU8Cln1Cwl37bbNZ9NpLmx7XHFch13jeo28XJiQY7OuJL5E8myGBPDBNV65DWUCeY0NZwJXJT8TKOibEYjnMfUvCj6IetVE6mlIATdCIy6XjCfysRgwjabb+uT9ZizVK4eLJY7vf+rtkm/4XhNp/ncsFoP+eIiXME11MCDW2hBGzrQAwYKPuELvskluSOP5OkvWiB55wI2QDq/Y2prZA==</latexit>

H(·)
<latexit sha1_base64="DvCwD7sFqBfzZhDEGiPlS83h0WE=">AAABl3icZU9NT8JAFHyLX4hfqCfjpZEePBDScsCTkURjOELCVwIN2a4P2LDdXbpboxJ+h1f9Wf4bC/aCTPKSybyZZCbUghvreT8kt7O7t3+QPywcHZ+cnhXPL7pGJTHDDlNCxf2QGhRcYsdyK7CvY6RRKLAXzh5X/94rxoYr2bbvGoOITiQfc0ZtKgWuO3funWl60nVHxZJX8dZwtomfkRJkaI6KyfBFsSRCaZmgxgz8qrbBgsaWM4HLwjAxqCmb0QkuImqnmn6osmMnOhWEoBuGQdsPFmMlLUq2mXxbryxHnMVqNWGZ9vT/t9om3WrFr1VqrWqp/pQ1zsM13MAt+HAHdWhAEzrAYA6f8AXf5Io8kGfS+LPmSJa5hA2Q1i8bk2sQ</latexit>

q = h = n for hardcore
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